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ABSTRACT 

Vacroux, And& Georges. Ph.D., Purdue U n i v e r s i t y ,  

June  1963. ON FINDWG QUADRATIC FACTORS OF POLYSOMIALq. 

Major P r o f e s s o r :  R u f u s  Oldenburger. a - ? ' a l b  

It i s  f r e q u e n t l y  necessary  i n  Zng inee r ing  Problems t o  

de te rmine  t h e  r o o t s  of  an a l g e b r a i c  e q u a t i o n .  Few s imple  

methods e x i s t  w h i c h  permit t h e  r a p i d  d e t e r m i n a t i o n ,  by hand 

c a l c u l a t i o n  of complex ze ros  of polynomials .  One of t h e s e  

methods h a s  been  proposed by R .  Oldeaburger and c o n s i s t s  i n  

t h e  r e p e t i t i o n  of a r i g h t  t o  l e f t  s y n t h e t i c  d i v i s i o n ,  t he  

same method be ing  also a v a i l a b l e  f o r  de t e rmin ing  rea l  z e r o s .  

However t h i s  method does  i i o t  converge  f o r  eve ry  polynomial .  

The ma in  purpose o f  this work h a s  been t h e  s t u d y  of  t h e  

convergence of Oldenburger ' s  method w h i c h  is c o n s i d e r e d  as 

an i t e r a t i o n  p r o c e s s .  The c o n d i t i o n s  of convergence are 

determined .  A g e o m e t r i c a l  i a t e r p r e t a t i o n  is  g i v e n  i n  t h e  

complex p l a n e  f o r  t h e  p a r t i c u l a r  case of lower  o r d e r  poly-  

riomials. 

The convergence occurs  a c c o r d i n g  t o  c e r t a i n  p a t t e r n s ,  

depending upon t h e  r o o t s  of t h e  g i v e n  e q u a t i o n ,  and it is 

shown how t h e  knowledge of t h e s e  p a t t e r i i s  a l l o w s  t h e  f i n d i n g  

of t h e  r o o t s  t o  be a c c e l e r a t e d .  

F i n a l l y  a g e n e r a l  s t u d y  of d iverg i r ig  c a s e s  is made mid 

i t  i s  shown t h a t  t h e  method can s t i l l  be used. fl t J o  R- 
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INTRODUCTION 

In au tomat i c  c o n t r o l s  and o t h e r  branches  of e n g i n e e r i n g  

t h e  problem o f  f i n d i n g  r o o t s  of algebraic e q u a t i o n s  i s  a 

v e r y  impor tan t  one,  e s p e c i a l l y  wheo, as f r e q u e n t l y  o c c u r s  

in e n p i u e e r i n g ,  problems o f  s t a b i l i t y  o r  e igenva lue  deter-  

ininat ion a r e  invo lved .  When t h o s e  e q u a t i o a s  a r e  of second,  

t h i r d  o r  f o u r t h  o r d e r ,  fo rmulas  i n  c l o s e d  form a r e  a v a i l a b l e  

t o  de te rmine  t h e  r o o t s ,  If one h a s  a c c e s s  t o  a d i g i t a l  

computer and i f  t h e  necessary  s u b r o u t i n e s  a r e  a v a i l a b l e ,  t h e  

zeros of a l g e b r a i c  f u n c t i o n s  may be found w i t h o u t  t o o  much 

d i f f i c u l t y  whatever  t h e  order  of t h e  e q u a t i o n  m i g h t  be. 

However, when a n  e q u a t i o n  of f o u r t h  degree o r  h i g h e r  is en- 

coun te red  i n  an everyday problem, i t  i s  o f t e n  u s e f u l  t o  

s o l v e  i t  by some rapid  method of h a n d  c a l c u l a t i o n .  

?ialiy methods have beel? p r e s e n t e d  f o r  f i n d i n g  r o o t s  of 

a l g e b r a i c  e q u a t i o n s ,  most of which app ly  f o r  f i n d i i i g  real  

r o o t s .  Some of' t h e s e  methods a r e  s y n t h e t i c  d i v i s i o n ,  

Xewforl's method and Horner 's  method [ I ] ,  

r e s t r i c t e d ,  however, when it comes t o  complex r o o t s  o r  when 

The cho ice  is  more 

two o r  more r e a l  roots are i d e n t i c a l  or a lmos t  i d e n t i c a l .  

The c l a s s i c a l  method of Crae f fe  [l],  121 is  s t i l l  one of 

t h e  most p o p u l a r  a l though  i t  may become v e r y  cumbersome and 

i m p r a c t i c a l  t o  use f o r  fast  hand c a l c u l a t i o n  e s p e c i a l l y  when 
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some of t h e  

magnitude. 

Hitchock [ 3 

r o o t s  of t h e  s t u d i e d  e q u a t i o n  a r e  c l o s e  i n  

Other  p rocesses  such  a s  t h o s e  of Ra i r s tow,  

1, [ 4 ]  and L i n  [5 [6], [7] are a lmost  t h e  on ly  

ones of some p r a c t i c a l  use .  The r e s p e c t i v e  p r o p e r t i e s  of 

each of t h e s e  methods, from t h e  p o i n t  of view of f a s t  hand 

c a l c u l a t i o n  have been cons ide red  i n  more d e t a i l  by Hoore 

i n  aa e a r l i e r  work. However, t h e s e  methods do iiot converge  

t o  a s o l u t i o a  i n  e v e r y  case. 

Iu 1955, Oldenburger [ a ]  p r e s e n t e d  a new method f o r  

de t e rmin iug  r o o t s  of polynomials.  A n  a l g o r i t h m  was d e f i n e d  

which i n t r o d u c e d  an i t e r a t i v e  procedure a l l o w i n g  f a c t o r i z a -  

t i o n  of a g i v e n  polynomial i n t o  two polynomia ls ,  one of 

wh ich  was a l i n e a r  o r  a q u a d r a t i c  factor.  By r e p e t i t i o l i  of 

t h i s  a l g o r i t h m  on t h e  remain iag  p o l y a o a i a l ,  i t  is p o s s i b l e  

t o  factor  t h e  o r i g i n a l  polyiiomial i n t o  l i n e a r  and quadrat ic  

factors .  Although t h e  method is e s p e c i a l l y  meant f o r  hand 

and slide r u l e  c a l c u l a t i o n  it car1 a l s o  be v e r y  e a s i l y  pro- 

grammed on a d i g i t a l  computer o r  used w i t h  a desk c a l c u l a t o r .  

Although t h e  phi losophy of Oldenburger ' s  method is 

somewhat similar t o  t h a t  of L i n ,  it h a s  t h e  advantage of re- 

q u i r i n g  a l e s s e r  number of s t e p s  f o r  each i t e r a t i o n  a n d  of 

b e i n g  ve ry  usable f o r  hand and s l i d e  r u l e  c a l c u l a t i o n .  

Fur thermore ,  i t  w i l l  converge i n  most of t h s  cases i n  which 

the o t h e r  methods w i l l  not .  For i a s t a n c e ,  Oldenburger 's  

method g e n e r a l l y  converges  towards  t h e  r o o t  of l a r g e r  mag- 

nitude, whereas  Linas method c o n v e r i e s  towards  t h e  r o o t  of 



smaller magni tude  and u s u a l l y  f a i l s  t o  converge  towards  t h e  

la rger  r o o t s .  S imi la r ly  Oldenburger ' s  method may f a i l  t o  

converge i n  some cases o r  t h e  convergence m i g h t  be v e r y  s low 

o r  d i f f i c u l t  t o  s e e .  In a r e c e n t  work, Moore and Oldenburger  

[g ]  s t u d i e d  t h e  convergence of t h e  i t e r a t i o n  when a p p l i e d  

t o  f i n d  r ea l  z e r o s  of a l g e b r a i c  e q u a t i o n s .  They gave  s e v e r a l .  

t r a m f o r m a t i o n s  which modify a n  e q u a t i o n  i n  w h i c h  t h e  i t e r a -  

t i o n  d i v e r g e s  so t h a t  t h e  method w i l l  conve rge  when a p p l i e d  

t o  t h e  t r a n s f o r m e d  equat ion .  

However, t h e  e x i s t e n c e  of convergence o r  d ive rgence  h a s  

l iot  been s t u d i e d  f o r  Oldenburger 's  method when a q u a d r a t i c  

f a c t o r  is sought  a l though  t h i s  is  t h e  c a s e  o f  great i n t e r e s t  

because it a l l o w s  colaplex r o o t s  t o  be found.  

It is t h e  purpose  of t h i s  work t o  de te rmine  from a 

t h e o r e t i c a l  v iewpoin t  t h e  r e a s o n s  f o r  w h i c h  t h e  i t e r a t i o n  

will c o w e r g e  o r  d i v e r g e  when t h e  method proposed by Oldea- 

b u r g e r  is a p p l i e d  t o  f i n d  a quadrat ic  f a c t o r .  A c r i t e r i o n  

f o r  a sympto t i c  s t a b i l i t y  of t h e  i t e r a t i o n  p r o c e s s  is p r e -  

s e n t e d ,  aiid i t  is compared t o  t h a t  found when Oldenburger ' s  

method is a p p l i e d  f o r  t h e  s e a r c h  of l inear  f a c t o r s .  

To make t h i s  s t u d y  f rom a t h e o r e t i c a l  v i e w p o i a t  i t  is  

assumed t h a t  t h e  v a l u e s  foulid a t  t h e  v a r i o u s  stages of t h e  

i t e r a t i o n  are  c l o s e  enough t o  t h e  searched v a l u e s  so t h a t  a 

l i n e a r i z a t i o n  o f  t h e  e q u a t i o a s  c o u l d  be made. The first 

o r d e r  te rms  i n  t h e  d i f f e r e n c e  between t h e  e x a c t  and approx i -  

mate v a l u e  are t h e  o n l y  ones c o n s i d e r e d  a l t h o u g h ,  as 
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iiumerous examples i l l u s t r a t e ,  t h i s  c o n d i t i o n  does  not have 

t o  be s a t i s f i e d  a c t u a l l y .  In o r d e r  t o  handle  t h e  c a l c u l a -  

tions i n  an e a s i e r  w a y ,  t h e  r e l a t i o n s  between two s u c c e s s i v e  

v a l u e s  of t h e  i t e r a t i o n  are w r i t t e n  i n  matrix form. 

A n  a n a l y s i s  of t h e  c o n d i t i o n s  f o r  convergence o b t a i a e d  

f o r  t h e  quadrat ic  f ac to r  sea rch  shows t h e  d i f f e r e n t  ways i n  

which t h e  convergence of the  i t e r a t i o n  p roceeds  t o  t h i s  

f a c t o r  depeiidirig f i r s t  upon t h e  i ia ture  of t h e  r o o t s  of t h i s  

q u a d r a t i c  f a c t o r  and a l s o  upon t h e  c h a r a c t e r i s t i c  r o o t s  of 

t h e  m a t r i x  which d e f i n e s  the i t e r a t i o a  p r o c e s s .  A few 

examples a r e  give i i .  

F i n a l l y  t h e  e v e o t u a l  user of t h e  method is shown how t o  

i n t e r p r e t  t h e  r e s u l t s  of the i t e r a t i o n  i n  o r d e r  t o  save  maiay 

c a l c u l a t i o n s  when convergence is slow. F u r t h e r ,  in some 

c a s e s  f o r  which t h e  i t e r a t i o n  procedure  d i v e r g e s  t h e  q u a d r a t i c  

f a c t o r  c a n  o f t e n  be found by a method of  "regula falsi". 
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1. T€hORBTICAL STUDY OF THh CONMI?GfjNCB 

OF OLUNBZIRGLR'S %"HOD FOR QUADRATIC FACTORS 

Cons ide r  a polynomial  P (2) g i v e n  by n 

k 
k=O n 

where t h e  v a r i a b l e  z may be complex. 

The c o e f f i c i e n t s  ak (k=0, 1 ,  2,..,, 11) of  t h e  pofy- 

iiomial are  r e a l .  It i s  fur thermore  assumed w i t h o u t  l o s s  o f  

p e i i e r a l i t y  t h a t  a, = 1. 
Oldenburger ' s  method f o r  f i n d i n g  q u a d r a t i c  f a c t o r s  of 

P (z) i s  e x p l a i n e d  i n  d e t a i l  i n  r e f e r e n c e s  [8] , [g] 

a p r o c e s s  by w h i c h  t h e  polyaomial  P ( 2 )  is  d i v i d e d  by a t r i a l  

q u a d r a t i c  f a c t o r  p ( z )  given  by 

It is 
A 1  

11 

The d i v i s i o n  i s  c a r r i e d  out i n  a r i g h t  t o  l e f t  manner u n t i l  

a l l  c o e f f i c i e n t s  ak of  P ( 2 )  a r e  exhaus ted  w i t h  t h e  excep- 

t i o n  of  t h e  f i r s t  one which i s  k e p t  i n  o r d e r  t o  form t h e  

n e x t  t r i a l  f ac to r .  

n 

T h i s  r i g h t  t o  l e f t  d i v i s i o n  can be c o n s i d e r e d  as a 

d i v i s i o n  of  P ( z )  by p ( z )  alotig i n c r e a s i n g  powers of z and 

caii be r e p r e s e n t e d  as 
11 



The c o e f f i c i e n t s  bk of the  quot i ent  are de f ined  as f u n c t i o n s  

of d and by the  recurrence formula r 

k =  0, 1, 2 , . . * ,  n - l  

where b-l  and b-* a re  each zero .  

The c o e f f i c i e n t s  of  the remainder terms are g i v e n  by 

- bn-2 rl l-  a, - - e 
For t h e  purpose of comparison Oldenburger’s d i s p o s i t i o n  

of the calculations is showii i n  Figure  1 where t h e  bkvs are 

g i v e n  by Equation ( 4 )  and the  ckls by 

The next  t r i a l  f a c t o r  p , ( z )  as  de f ined  by Oldenburger’s 

method i s  the  l a s t  remainder which y i e l d s  a second order 

f a c t o r  i n  t h e  array of  Figure 1 ,  i . e .  

where 
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p l = b  n- 2 

and 

d = c  
1. n- 2 

It is shown i n  Appendix A t h a t  t h e  g e n e r a l  b te rm can k 
be w r i t t e n  as a de terminant  of t h e  form 

al ........ a2 ak-2 ak- 1 
ak I . 

. 

. 
4 

1 

? 
P 
d - 

i 
P . . d 

T- 
1 

............ . . 
0 ........... . 

1 . . Ti 
9. e . . . 1 . 
1 . . 

Note t h a t  t h e  f irst  row is composed of t h e  c o e f f i c i e n t s  

of t h e  (k + 1) lower o rde r  t e rms  of t h e  polyuomia l ,  t h e  m a i n  

d i a g o n a l  of - t e rms ,  and t h e  two d i a g o n a l s  on each  side of  

i t  of 1 ' s  and - terms r e s p e c t i v e l y .  A l l  o t h e r  te rms  a r e  

e q u a l  t o  z e r o .  

d 

1 
r 

P 

Combining Equa t ions  (8), ( 9 )  and ( l o ) ,  t h e  c o e f f i c i e n t s  

of t h e  next  t r i a l  q u a d r a t i c  f a c t o r  a r e  g i v e n  by t h e  



determinants 

n- 2 
d l  = (-1) 

3O 

1. 

. 
0 

. 

. 

1 a 

d - r 
1 

. 

. 

.... a d- 4 a 
2 

1. - 
c . . 
d 1 - C r F  . 
........... 
. a - c 1 

. . 

. . 

1 a 

d 

1 

. 

. 0 

. 

. 1 

. . 

ail-  2 

. 

. 
1 
F 
d - 
? 
1 

a 
AI- 1. 

. 

. 
0 

1 - 
P 

a 

1 

* *  aii-4 a n-3 a 11-2 2 

r 
T P  

. 
a 1  . . 
........... . . 
. ........... . 

d 1 1 . _. 

C T  
. 1 7 ;  

d . . . - 
P 

1 

(11) 

When the t r i a l  factor p ( z )  i s  an exact factor of P , ( z )  the 



following notat ion is used: 

P,(z)= (B + A 2 + z2) % zk k=O 

In other  words p):, A ,  B ,  b-''k a re  the  f ina l  va lues  of 

p ,  d ,  f~ 

become respect ive ly  

and b U s i n g  these v a l u e s ,  E q u a t i o n s  ( 4 )  and (5) k 

- b"k + - A "  b-"k,l + 1 b;*-k .. 
B - ak - 

k =  1,  2 , . . . ,  n 

._ 
where b:'- be'' and b" n are each zero, and b 

'* 

n- 1 -2 '  -1' 

and 



aO 

1 

. 
0 

. 

. 

a 

A 
€3 

1 

‘1 

- 

. 

. 

. 

. 

I n  order s o  cons 

a ........ a a 
2 k-2 k-1 a 

k 

A 1 
B B 
- . 
........... . 

........... 
A 

b - 
l R  

. . 1 

. 0 

. 

. 
0 

. 
1 
B 

A 
B 

1 

- 

- 

b 

. 

. 

. 

1 
B 

x 
B 

- 

- 

der .he convergence of ‘,he ibera, 

. 

11 

by 

hk,u 

k , u  
process, d e f i n e  h 

bk,u 
= b‘.tk - 

.on 

i . e . ,  h i s  t h e  dif fere l ice  between t h e  exact v a l u e  of 

c o e f f i c i e n t  b’’-k and t h e  value found at the uth stage of  
IC , u 

i t e r a t i o n .  S i m i l a r l y ,  de f ine  x and x by 
1 , u  2 4  

X = A -  d 
1 , u  U 

t h e  

t h e  

It can be seen t h a t  x and x represent respectively 
1,u 2 4  



1.2 

t h e  d i f f e r e n c e s  between t h e  f i n a l  va lues  A and B and t h o s e  

o b t a i n e d  a t  t h e  uth stage of t h e  i t e r a t i o n ,  

(xl ,  x 2 )  u s e d  f r e q u e n t l y  i n  what follows is d e f i n e d  as t h e  

" e r r o r  v e c t o r "  i n  t h e  * , -plane.  

The v e c t o r  

s q u a t i o n  (20)  may be r e w r i t t e n :  

x1 It is assumed i n  t h e  fo l lowing  development t h a t  - and 
A X 

2 a r e  small q u a n t i t i e s  compared t o  one so t h a t  t h e i r  h i g h e r  
B 
powers c a n  be neg lec t ed .  This i m p l i e s  t h a t  p ( z )  i s  a good 

approximat ion  t o  p"(z). I n  actual p r a c t i c e ,  however, t h i s  

c o n d i t i o n  need not be r igorous ly  s a t i s f i e d  and convergence 

may be o b t a i n e d  when p(z )  is v e r y  d i f f e r e n t  from p"(z) .  

S u b s t i t u t i n g  (21) i n t o  (4) and t a k i a p  ( 2 0 )  i n t o  c o n s i -  

d e r a t i o n  y i e l d s :  

Applying (lS), oue o b t a i n s  a f t e r  i i eg l ec t ing  t h e  t e rms  of 

o r d e r  h i g h e r  t h a n  oae i n  x t h e  e x p r e s s i o n  
1' x2 

3'. 

b"k- 2 
x + - - x  1 A b" k- 1 h k = - * h  - - h  + -  B k-1 B k-2 B B 2 B B  2 



I n  Appendix B i t  is  showrl that  Equation ( 2 3 )  can be r e w r i t t e n  

i n  the  form o f  Equation ( 2 4 )  where the c o e f f i c i e n t s  of the  

x and x terms are determinants. 1 2 

1 A 
B B 
A 1 - 
B 

. 1 i’ 

0 0 0 

1 

X 
1 

1 t 3 . 0 

0 0 a 1 

0 

0 

: 
1 
B 
A 
B 

- 

- 

From Equations ( e ) ,  (5), ( 6 ) ,  ( 2 0 )  and (24 )  the r e l a t i o n s  

between the  error  vectors  a t  t h e  u and the  u + l  i t e r a t i o n s  

becoae 



X 1, u t 1  

x 2 ,  u + I  

where 

. 

. 

. 

. 

. 

= m  x + m  x 
I1 1,u 12 2 , u  

= "21 + m  22 x2,u 

1 A 
B B 

- - . . . 
1 

l #  B . . 
. ............. . 
. 1 - - 1 A 

8 B 

e . . 1 - A 
B 

e . e 0 

A 1  I 

B B  
- . . . . 
A 1  

l B B  . . . 
........... . . 

. ............. e 

. e . 1 - 1 A 
B B 

- 

. . . . 1 - A 
B 

. . . . . 0 
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i 
1 

. 

. 

. 

. 

1 
B 

A 
B 

- 

- 
. . 

. 1 
R 
- . 

- =  

-21 - . 
A 

4 1  - 
B 

1 
B 
- . 
A 
B 
- 1 

B 
- . 1 

A 
B 
- 1 . 4 

0 

. 

. 

. 
1 
B 
A 
B 

- 

- 

A 
B 
- 1 

B 
- . . . 
A 1  
B B  
- -  . 4 1 

.* b . . . . . . .  . . - 
m22 - 

. . 
1 
B 
- e 

A 
B 
- . . 1 . 
1 . . . . 

gquatiotis ( 2 5 )  can be rewritten in the matrix form 



22 m 

o r  

X u + 1 =  M X 
U 

(31 j 

As c a n  bo seen t h e  mat r ix  r e l a t i n g  two s u c c e s s i v e  s teps  

of  t h e  i t e r a t i o n  depends o n l y  on t h e  f i n a l  values A,B of t h e  

q=zA,ra+ic f=caQr p'Ih) and Qn fhe 's is theye.. k 
f o r e  independent  of t h e  v a l u e s  t a k e n  d u r i n g  t h e  i t e r a t i o n ,  

Oldenburger  has shown [lo] t h a t  when an e q u a t i o n  of t h e  

form of (81) r e l a t e s  two s u c c e s s i v e  s t e p s  of an i t e r a t i o n ,  

a necessa ry  and s u f f i c i e n t  c o n d i t i o i l  of convergence is t h a t  

t h e  c h a r a c t e r i s t i c  r o o t s  k .  of t h e  M-matrix l i e  i n s i d e  t h e  

u n i t  c i r c l e ,  t h a t  is: 
1 

where t h e  v a l u e s  of h i  are g i v e n  by t h e  s o l u t i o n s  of 

and I is  t h e  i d e n t i t y  matrix, 

Cond i t ion  (33) is  now c o n s i d e r e d  f o r  t h e  particular case 

of t h e  r i g h t  t o  l e f t  s y n t h e t i c  d i v i s i o n ,  and t h e  c o n d i t i o n  of 

convergence g i v e n  as a f u n c t i o n  of  t h e  r o o t s  of t h e  poly-  

nomial and of t h e  q u o t i e n t  of  t h e  d i v i s i o n  of Pl,(z) by 

ps:- ( 2 ) , 



Let the zeros of p"(z) be denoted by z1 and z i.e. 2' 

p"(2) = ( z  - zl) (2 - z 2 )  (34) 

It is shown is Appendix C that the values of A .  are 
given by e i ther  of the following equivalent expressions 

1 

or 

or 

Z z 3 
2 

z 
1 =  1 - (1 - x (1 - 4) ... (1 -$) 

=2 

z 'n 
1 1 1 
3 

z x , =  1 - ( 1  - 21) (1 - $1 ... ( 1  - 

The convergence condition t o  a quadratic factor may be 

expressed therefore i n  the  following equivalent forms 



i = l , 2  

18 

(39) 

i = 1 , 2  

The last form i n  part i cu lar  will permit an in terpre ta -  

t i o n  of  the  convergence condit ion as a f u n c t i o n  of the  loca- 

t i o n  of the r o o t s  i n  t h e  complex plane .  

Comparison between t h e  Convergence Condit ions 

Obtained f o r  Linear h e t e r s  a,nd Ottadratfz Ihcters 

Noore and Oldenburger [ 9 1  i n  t h e i r  study of  the  con- 

vergence o f  t h e  r i g h t  t o  l e f t  s y n t h e t i o  division when appl i ed  

t o  t h e  search for linear factors found f o r  t h e  convergence 

c o n d i t i o n  

or 

This  may be r e w r i t t e n  as 

If P (2) fs expressed as i n  ( 3 9 )  and nl(z) is def ined 
n 
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t h e r e  r e s u l t s  

( 4 5  

Equa t ion  ( 4 5 )  is very similar i n  form t o  Equation (39) 

which was determined i n  t he  present work f o r  t h e  case of 

q u a d r a t i c  f a c t o r s .  However, i n  t h e  case o f  a l i n e a r  f a c t o r  

only one c o n d i t i o n  has  t o  be s a t i s f i e d  a t  a t ime  ( f o r  z = z l )  

i n  order  t o  get one r o o t ,  whereas f o r  a quadra t i0  f a c t o r  t h e  

saae c o n d i t i o n  has t o  be 

values of z(z = z1 and z 

Assume f o r  i n s t a n c e  

as 

s a t i s f i e d  simultaneously for two 

= 2,). 
t h a t  t h e  polynomial P (2 )  is w r i t t e n  

n 

When t h e  method f o r  l i n e a r  factors i s  applied first t h e  

conditioLi f o r  convergence i s  

so t h a t  t h e  f irst  l i n e a r  factor can be found. 

Then i n  order t o  get t h e  second t h e  c o n d i t i o n  becomes 

whereas t h e  c o n d i t i o n s  f o r  e x t r a c t i n g  t h e  q u a d r a t i c  factor 
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(49 

by t h e  q u a d r a t i c  f a c t o r  method, are 

It is t h e r e f o r e  p o s s i b l e  t h a t  f o r  some e q u a t i o n s  bo th  z1 

a n d  z2 would f a i l  t o  s a t i s f y  & q u a t i o n  (47)  whereas t h e y  

wotlld satisfy E q u a t i o n  (50).  Although t h e  method f o r  

extracting l i n e a r  f a c t o r s  would t h e n  f a i l ,  t he  method f o r  

q u a d r a t i c  fac tors  would allow t h e  u s e r  t o  o b t a i n  t h e s e  

f a c t o r s .  

I a t e r p r e t a t i o n  o f  t h e  Convergence C o n d i t i o n s  

Oldenburger  and Hoore and Oldenburger  

in their s t u d i e s  of t h e  convergence of t h e  r i g h t  t o  l e f t  

s y n t h e t i c  d i v i s i o n  t h a t  all polynomia ls  t o  which t h e  method 

was a p p l i e d  r e p r e s e n t e d  s tab le  sys t ems  i n  t h e  sense of 

Routh - Htarwitz and h a d  t h e r e f o r e  a l l  t h e i r  z e r o s  in t h e  

l e f t  h a l f  p lane.  However, s t a b i l i t y  was not s u f f i c i e n t  f o r  

t h e  method t o  corrverge. 

Iii t h e  following s t u d i e s  i t  i s  g o i n g  t o  be shown first 

t h a t  t h e  h a l f  p l a n e  i n  which t h e  r o o t s  l i e  does  no t  have 

a n y t h i n g  t o  do w i t h  t h e  convergence of t h e  method and t h e n  

some p a r t i c u l a r  cases will be c o n s i d e r e d .  

If f o r  i n s t a n c e  one c o n s i d e r s  t h e  convergence o o n d i t i o n  

g i v e n  by E q u a t i o n  (40)  

=4 
F-) 1 - (1 - -) (1 - I zi  

i = 1 , 2  
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It c a n  be seen t h a t  changing 

of  t h e  r o o t s  does no t  change 

t h e  s i g n s  of a l l  t h e  r ea l  p a r t s  

t h e  convergence c o n d i t i o n  s ince 

a l l  complex r o o t s  occur  i n  c o n j u g a t e  pairs. I n  o t h e r  words 

t h e  convergence c o n d i t i o n  is t h e  same f o r  two e q u a t i o n s  t h e  

r o o t s  of wh ich  are symmetrical w i t h  respect  t o  t h e  imaginary  

axis of t h e  z-plane. 

Particular Case of a Cubic 

Equa t ion  (40)  becomes 

o r  

1231 151 

i = 1 , 2  

i = 1 , 2  

T h i s  can  be i n t e r p r e t e d  as t h e  c o n d i t i o n  t h a t  t h e  two 

r o o t s  forming  t h e  q u a d r a t i c  f a c t o r  w h i c h  i s  sought  must l i e  

o u t s i d e  t h e  c i r c l e  w i t h  t h e  o r i g i n  as  c e n t e r  and r a d i u s  

. This i n d i c a t e s  tha t  t h e  method w i l l  f a i l  f o r  t h e  case I z4 
i n  w h i c h  two of t h e  r o o t s  are complex c o n j u g a t e  w i t h  moduli  

s m a l l e r  t h a n  t h a t  of  t h e  real r o o t .  111 such cases i f  t h e  

method f o r  r e a l  roots does not  converge  e i t h e r ,  one c o u l d  

t r y  t h e  methods exposed f u r t h e r  f o r  cases i n  which  t h e  i t e ra -  

t i o n  d i v e r g e s ,  o r  use one o f  t h e  t r a n s f o r m a t i o n s  s u g g e s t e d  

by Woore and Oldenburger  [g] . 
As may be seen above t h e  l o c a t i o n  of  t he  r o o t s  i n  t h e  

z -p l ane  d i d  no t  i n t e r v e n e  as such  and only t h e  n o d u l i  counted .  

It i s  a l s o  t o  be remarked t h a t  t h e  c o n d i t i o n  of convergence 
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( 5 2 )  w h i c h  w a s  fourid i o  t h a t  case would a l s o  be found i f  

t h e  method f o r  l i n e a r  factor  was a p p l i e d  t o  f i n d  t h e  r o o t s  

o f  a q u a d r a t i c  equa t ion .  

P a r t i c u l a r  Case of a Quart ic  
m .. ine condi t ion  ( i O j  now y i e l d s  

which can  be w r i t t e n  as 

From B q u a t i o i  (54)  

1 
which t h e  r o o t s  zi = z 

q 1 c 1  
z i  

i = 1 , 2  (54 1 

i t  can be seen t h a t  t h e  domain i n  

and zi = z of t h e  q u a d r a t i c  can be 2 
chosen  depends e x p l i c i t l y  on t h e  v a l u e s  of t h e  r o o t s  z and 

can  only  be r e a l  o r  complex c o n j u g a t e ,  
3 

Since z3 and z 4 '  4 
Z 

t h e i r  sum and t h e i r  product are r ea l .  

It can  be s e e n  t h e r e f o r e  t h a t  t h e  domain d e f i n e d  by 

l iqua t ion  ( 5 4 )  is symmetrical  w i t h  r e s p e c t  t o  t h e  r e a l  axis, 

and a change of z3 and z 4  t o  - z  

responds t o  a r e f l e c t i o n  about t h e  iaragiliary axis. 

and - z  r e s p e c t i v e l y  co r -  
I? 4 

These domains of convergence have been  p l o t t e d  f o r  each 

of t h e  cases which m i g h t  occur  i n  F i g u r e s  2 - 4. It c a n  be 

n o t i c e d  t h a t  i n  each  case t h e  assumpt ion  has been  made t h a t  

e i t h e r  t h e  rea l  par t  of z and z was e q u a l  t o  -1 ( i n  t h e  
3 4 

c a s e  when z and z4 a r e  complex c o n j u g a t e )  o r  t h a t  t h e  3 
s m a l l e s t  of t h e  r e a l  roots z3, z was e q u a l  t o  -1 ( i n  t h e  

4 
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c a s e  when z and z a r e  r e a l ) .  T h i s  assumpt ion  is based  oa 

t h e  p r e v i o u s  remarks about  t h e  symmetry i n v o l v e d ,  and a l s o  

o n  t h e  f ac t  t h a t  i f  a polynomial 

3 4 

n- 1 n- 2 
Z + * * *  + a 

Z + a'l-2 P ( 2 )  = + a n - l  n (55) 

+ a l z + a  = O  
0 

h a s  f o r  r o o t s  zl' z z .. , z t h e  polynomial  having  f o r  

zn is ob ta ined  by d i v i d i n g  t h e  c o e f f i c i e n t s  k roots r, k)...) 
ak 

2' 3 n 
z1 z 2  

of P,(z) by t h e  i n c r e a s i n g  powers of k t o  y i e l d  

a-1 + + ,n-2 + 0 . .  + 
k k 

a 
0 

A n  example w i l l  be showri a f t e r w a r d s  t o  i l l u s t r a t e  how 

t h e  c u r v e s  can be used. 

The p o s s l b l e  c a s e s  cor responding  t o  t h e  d i f f e r e n t  l oca -  

t i o u s  of t h e  r o o t s  z 3 ,  z 

c o n s i d e r e d  next  . 
i n  t h e  complex h a l f  p l a n e s  a r e  

4 

Complex Conjugate  Roots  

= -1 +, jy. The c u r v e s  de t e rmin ing  t h e  zone 
3 '  24 

Let z 

of convergence have been p l o t t e d  oa F i g u r e  2 f o r  y = 0,  0.1, 

0.5, 1 and 2.  

The method c a n  converge t o  t h e  q u a d r a t i c  formed by t h e  

o t h e r  s e t  of r o o t s  (z  z ) i f  t hose  are o u t s i d e  t h e  domain 
1' 2 
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e n c l o s e d  by t h e  curve .  

R e a l  Roots  of  t h e  Same Sign 

L e t  z3 = -1; z4 = -x; x > 1. The cor re spond ing  c u r v e s  

have been p l o t t e d  on Figure 3 f o r  x = 1 and x = 2.  

The method can  converge i f  t h e  r o o t s  of t h e  o t h e r  

q u a d r a t i c  are  o u t s i d e  t h e  domain s i t u a t e d  between tb two 

b ranches  of each  curve. However, i n  p r a c t i c a l  a p p l i c a t i o n s  

t h e  i n n e r  loop,  t h e  s i z e  of' wh ich  d e c r e a s e s  as x i n c r e a s e s ,  

w i l l  not  y i e l d  good convergence and i s  more u n l i k e l y  t o  be 

met. T h i s  l o o p  w i l l  always l i e  between -1 and 0 and always 

p a s s  th rough t h e  -1 p o i n t .  

Roo t s  Real  and of Opposi te  SiRAlS 

Let z3 = -1, z4 = x, x > 1. The c u r v e s  have been 

p l o t t e d  i n  F igu re  4 f o r  x = 2 ,  5 ,  3 + 2-, 6, 8 .  

The same remarks as i n  t h e  p r e v i o u s  case a r e  s t i l l  v a l i d  

e x c e p t  t h a t  i n  t h i s  case t h e  c u r v e  w i l l  c o n s i s t  of one branch  

f o r  x 3 + 2 f i  and of t w o  b ranches  f o r  x > 3 4 2 f i .  

two b ranches  o c c u r ,  t h e  i n n e r  l o o p  will always l i e  on t h e  

o u t s i d e  of t h e  segment de f ined  by t h e  p o i n t  -1 and t h e  o r i g i n ,  

and p a s s  th rough  t h e  p o i n t  -1. 

When 

Although t h e  second and t h i r d  cases show t h a t  t h e  method 

can be used t o  e x t r a c t  q u a d r a t i c  f a c t o r s  composed of two r e a l  

r o o t s ,  i n  p r a c t i c e ,  i t  is o f t e n  more p r a c t i c a l  t o  t r y  t o  ex- 

t r a c t  t h e s e  r e a l  r o o t s  e a r l i e r  i n  t h e  computa t ion  i f  t h i s  

does not  r e q u i r e  t o o  marry c a l c u l a t i o n s .  



2 6  

\ 

c, 
0 



27  

1 

I- 

X 

d 

t 
I 



28  

It c a n  a l s o  be n o t i c e d  t h a t  t h e  c u r v e s  w h i c h  have been  

de termined  always pass through t h e  z and z p o i n t s ,  whether  

r e a l  o r  complex. 
3 4 

The i n t e r s e c t i o n s  w i t h  t h e  r ea l  axis are  g i v e n  by t h e  

real  r o o t s  of 

and  of 

It c a n  be n o t i c e d  t h a t  a t  l e a s t  one of t h e  Equa t ions  

(57)  and ( 5 8 )  h a s  r e a l  roots, and t h a t  t h e  r o o t s  of E q u a t i o n  

(57)  are z3 and  z . 
4 

bxamples 

If a q u a r t i c  h a s  t h e  complex c o n j u g a t e  r o o t s  - 2  ? j l  

and -2 t j2, i t  c a n  be seen  from F i g u r e  2, m u l t i p l y i n g  t h e  

s c a l e s  by a f a c t o r  2 t h a t  t h e  method can converge  on t h e  

p a i r  -2 +, j l  b u t  cannot coilverge on - 2  t j2, because  t h e  

f i rs t  p a i r  is o u t s i d e  t h e  domaill of d ive rgence  of  t h e  second 

a n d  t h e  second  i n s i d e  t h a t  de te rmined  by t h e  f i rs t ,  

O n  t h e  o t h e r  hand, the  method would fail f o r  -1 ? j 0 .5  

a n d  1 

gence  d e f i n e d  by t h e  o t h e r  one. 

e a r l i e r ,  t h e  zone of d ivergence  co r re spond ing  t o  1 2 j l  is 

o b t a i n e d  by t a k i n g  i n  Figure 2 t h e  symmetric w i t h  r e s p e c t  

t o  t h e  imaginary  axis of  t h e  zone d e f i n e d  by -1 2 jl, 

jl because  each pair  would be i n  t h e  zone of d i v e r -  

(In t h a t  case, as s e e n  
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Cons ide r ing  again t h e  c u r v e s  of F i g u r e  2 ,  i t  can be seen 

t h a t  i f  a l l  r o o t s  are complex and on t h e  same s i d e  of t h e  

axis i t  i s  u n l i k e l y ,  a l though p o s s i b l e ,  t h a t  b o t h  p a i r s  of 

r o o t s  w i l l  t i e  i n s i d e  t h e  domains of d ive rgence  d e f i n e d  by 

t h e  o t h e r  p a i r .  

T h i s  e x p l a i n s  t h e  recommendation made i n  e a r l i e r  p a p e r s  

by Oldenburger  [ 8 ] ,  and Moore and  Oldenburger  [ g ]  t h a t  a l l  

r o o t s  s h o u l d  l i e  i n  t h e  same h a l f - p l a n e .  T h e r e f o r e  it might 

be wor thwhi le  i n  t h e  c a s e  o f  d ive rgence  when t h e  method i s  

a p p l i e d  t o  a q u a r t i c  o r  t o  a h i g h e r  order e q u a t i o n  t o  make 

a t r a n s l a t i o a  which  would b r i n g  them i n  t h e  same h a l f - p l a n e .  

The d e t a i l s  of t h e  t r a n s l a t i o n  have been  e x p l a i n e d  i n  a pre-  

v i o u s  work by Moore and Oldenburger [g]. 

f e r e n c e  which  ha l f -p lane  is  chosen . )  

(It makes no d i f -  

It is ,  however, p o s s i b l e  t o  f i n d  examples such as t h e  

one i l l u s t r a t e d  i n  F igu re  5 i n  w h i c h  both  s e t s  of complex 

r o o t s  (-1 j0.l and -0.75 f: j1.5) a r e  i n  t h e  same h a l f -  

p l a n e  aad i n s i d e  t h e  r eg ion  of d ivergence  d e f i n e d  by t h e  

0 t h  e r  pa i r .  

It i s  a l s o  t o  be noted t h a t  t h e  CouditioAlS f o r  con- 

vergence t o  a q u a d r a t i c  f a c t o r  w h i c h  were found i n  b q u a t i o n s  

(53) aud (54 )  a r e  i d e n t i c a l  t o  t h o s e  which would be o b t a i n e d  

if coavergence t o  a l inear f a c t o r  were sought  when t h e  i n i t i a l  

polyilomial is  a c u b i c .  

The same s t u d y  could b e  made f o r  e q u a t i o n s  of h i g h e r  

o r d e r ,  b u t  t h e  r e s u l t s  become more compl i ca t ed  and  do not  

y i e l d  any simple geometr ic  i n t e r p r e t a t i o n .  
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2 .  ANALYSIS OF THE CONVERGENCE OF 

THB ITIERATION PROCESS 

It h a s  been shown i n  t h e  p r e v i o u s  chapter t h a t  t h e  

v a l u e s  of x and x a t  two s u c c e s s i v e  s t e p s  of t h e  i t e r a t i o n  
I 2 

were r e l a t e d  by t h e  e x p r e s s i o n  

i r,. i r.. r, 
1, u + l  "11 "12 * 1 ,u 

A iX2, = m 2 2 ~  1.,..1 
o r  

= H X  
x U + l  U 

( 5 3 )  

Gquation (60)  can be i n t e r p r e t e d  as a r e l a t i o u  between 

t he  s u c c e s s i v e  " e r r o r  v e c t o r s "  i n  t h e  X-plane which i s  t h e  

same f o r  a t r a n s l a t i o n  of t h e  axes as t h e  d,p-plaae. 

In o r d e r  t o  g a i n  i n s i g h t  conce rn ing  t h e  convergence of 

t h e  i t e r a t i o n ,  it i s  advantageous t o  c o n s i d e r  f i r s t  t h e  nor- 

m a l  form of Equa t ion  (59).  Def in ing  

X = P Y  

i t  is possible t o  d e t e r n i n e  t h e  matrix 

P 
pll 

= [P21 p22 ""I 



such t h a t  

where 

and 

U = A Y  
u +1 Y 

A -1 
J L =  T X F  ( 6 4 )  

h and h ,  be ing  the c h a r a c t e r i s t i c  r o o t s  of  matrix M and 

P” the  i n v e r s e  of P ,  i . e .  

P P’l = I (66 1 

where I is the unity matrix. 

The transformation from the  X coord inates  t o  the Y co- 

ord inates  represent  a skewing of  t h e  re ference  a x e s .  The 

a n a l y s i s  of  the convergence i s  g r e a t l y  f a c i l i t a t e d  i n  the  

new system. 

Equat ion (63) defines t h e  i t e r a t i o n  i n  the  Y coord inates .  

I f  app l i ed  k t imes  i n  success ion  i t  y i e l d s  

*k+u - A k Y u  

or 



I n  o r d e r  t o  i n t e r p r e t  Equa t ion  ( 6 8 )  d i f f e r e n t  c a s e s  

have t o  be c o n s i d e r e d  depending upon t h e  n a t u r e  and t h e  

r e l a t i v e  magnitudes of t h e  1 ' s .  
It was shown e a r l i e r  t h a t  t h e  c h a r a c t e r i s t i c  r o o t s  of 

M were g i v e n  by 

where zi r e p r e s e n t s  e i t h e r  r o o t  of p"(z) and m and m a r e  11 12 
given by h q u a t i o n s  ( 2 6 )  and (27).  

Since B, mll and n12 a r e  r e a l ,  a s u f f i c i e n t  c o n d i t i o n  f o r  

t h e  x ' s  t o  be r e a l  is t h a t  t h e  r o o t s  of p"(z) be r e a l .  T h i s  

condition i s  not  necessa ry ,  however, because r e a l  x 's can 

be o b t a i n e d  in t h e  c a s e  of complex c o n j u g a t e  z 's whenever 

m = 0. 
i 

12 
The c o n d i t i o n  m = 0 y i e l d s  two e q u a l  k i t s  whether  

12 
the zits are r e a l  or  complex. 

i n  t h e  obvious  c a s e  z1 = z2. 

Equal  xi** a r e  a l s o  o b t a i n e d  

F i n a l l y  t h e  las t  c o n d i t i o n  y i e l d i n g  a p a r t i c u l a r  c a s e  

o c c u r s  whenever 

2 '  
x =.. x 
1 

which cor re sponds  to t h e  case  
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I n  o r d e r  t o  make a complete s t u d y  of t h e  convergence of 

t h e  i t e r a t i o n  p r o c e s s ,  each case w i l l  be c o n s i d e r e d  s e p a r a t e l y .  

Real C h a r a c t e r i s t i c  Roots  

When t h e  c h a r a c t e r i s t i c  r o o t s  of t h e  matrix M a r e  r e a l ,  

Equat ion  (68)  can  be r e w r l t t e n  

' k  
'2, k+u A 2  y2,u 

b q u a t i o n  (71) shows t h a t  t h e  components y l  and y of 2 
Y converge o r  d i v e r g e  independen t ly  of each o t h e r  a n d  i l l u s -  

t r a t e  t h e  n e c e s s i t y  of t h e  convergence coadit ioa given 

e a r l i e r ,  that  is 

Since y and y2 def ine  a new system of r e f e r e n c e  axes, 

i t  m i g h t  be i n t e r e s t i n g  t o  l o c a t e  them w i t h  respect t o  t h e  

X-axes and t h e  d, p -axes. 

Equa t ion  (64 )  can  be r e w r i t t e n  

P A =  M P  (73 1 

Replacing P ,  A a n d  M by t h e i r  values given by Equations 

(62), ( 6 5 )  and (59) the following four s imul t aneous  e q u a t i o n s  

are ob ta ined  
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p21 x, = m21P11 + m  2 2% 1 

l l P 1 2  + m12P22 

22p22 

X = m  
p12 2 

+ m  p22 A 2  = m21P12 

(74)  

Whereupon, cons ider ing  s u c c e s s i v e l y  the  first two and t h e  

last two bquations (74)  there f o l l o w s  

11  =*, = s  
X - m  p21 - 1 

pll “12 1 22 
- -  

1 

2 1  - m - X - m  
- s2 - -  p22 - 2 - 

12 A 1  - *22 m 
12 

From gquat ions  ( 7 5 )  the elemelits of t h e  P-matrix can 

be determined w i t h i u  colrstant f a c t o r s ,  g i v i n g  f o r  Equation 

(62 1 

P =  

and t h e  axes yl (y2 

1 1 pl? 

= 0 )  and y2(y1 = 0)  o f  t h e  Y-plane become 

in t h e  X-plane t h e  l i n e s  
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where s and s a r e  determined by Equa t ions  (75) .  1 2 
The v a l u e s  s of  the  slopes of t h e  Y-aces i n  t h e  

d , ( j - p l a n e  can be r e l a t e d  e a s i l y  t o  t h e  r o o t s  of the 

quadratic f a c t o r  p'(z) .  

v a l u e s  of h i  given by Equatioti (69) t he re  results 

S u b s t i t u t i n g  i n  Equat ions  (75) the 

m z  
1.2 1 

1 2  
-- 

'1- m 

if mI2 # 0 ,  t h e r e  f o l l o w s  

(79) 1 = -1 

s2 = - z 2  

This remarkably simple result means t h a t  whenever 

Oldenburger ' s  r i g h t  to left s y n t h e t i c  d i v i s i o n  is a p p l i e d  

i n  o r d e r  t o  de te rmine  t h e  c o e f f i c i e n t s  A,B of a q u a d r a t i c  

fac tor  

2 P"(z) = z + A Z  + B 

t he  a x e s  cor re spond ing  t o  t h e  n o m a 1  e q u a t i o n  i n  t h e  

oc , f -p l ane  a r e  d e f i n e d  as t h e  l i n e s  p a s s i n g  through A,B and 

having f o r  s l o p e s  t h e  nega t ive  of the  r o o t s  of pi'.(z). 

oaly r e s t r i c t i o n s  a r e  t h a t  m # 0 and t h e  I s  a r e  r e a l .  12 
The cases which do not s a t i s f y  t h e s e  c o n d i t i o n s  a r e  c o n s i d e r e d  

The 



37 

s e p a r a t e l y  l a t e r  on. 

Rea l  C h a r a c t e r i s t i c  Roots of D i f f e r e n t  Magiiitudes 

The c h a r a c t e r i s t i c  r o o t s  of hl a r e  r e a l  and have d i f f e r e n t  

maguitudes wheiiever 

(80) 
m + O  12 

- * -  A 2mll 
R m2 i 

?he locus of t h e  p o i n t s  of t h e  i t e r a t i o n  takes on d i f -  

f e r e n t  forms depending upoti t h e  s i g n s  of and and  

t h e i r  r e l a t i v e  magnitudes.  It may be seen from Equat ioi i  

(71) t h a t  t h e  compoiient cor responding  t o  t h e  smaller i n  

a b s o l u t e  v a l u e  d e c r e a s e s  f a s t e r .  The re fo re  t h e  i t e r a t i o n  

converges  t o  t h e  f i l i a l  value A , B  and  the  curve  l o c u s  of  t h e  

po i r i t s  i s  t a n g e n t  t o  t h e  axis c o r r e s p o n d i n g  t o  t h e  l a r g e r  

h . 
i n  a b s o l u t e  v a l u e .  

1 

The r a t e  of convergence i s  de termined  by t h e  l a r g c r i  

P o s i t i v e  I and 

?he case of A,  and i2 both  p o s i t i v e ,  i s  of p a r t i c u l a r  

i n t e r e s t  because  i t  i s  t h e  on ly  one which  does a o t  y i e l d  

" o s c i l l a t o r y  convergence",  i . e .  t h e  s u c c e s s i v e  p o i n t s  of t h e  
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i t e r a t i o n  converge  monotonica l ly  towards  t h e  p o i n t  A,B 

a c c o r d i n g  t o  E q u a t i o n s  (71) r ema in ing  i n  t h e  same q u a d r a n t  

of t h e  p l a n e  of t h e  Y-axes once t h e y  are c l o s e  enough t o  t h e  

f i n a l  v a l u e  so t h a t  t h e  l inear approx ima t ion  is v a l i d ,  The 

c u r v e  on which  t h e  s u c c e s s i v e  p o i n t s  of t h e  i t e r a t i o n  l i e  

reaches A , B ,  t a n g e n t  t o  the axis cor re spond ing  t o  )&. 
The convergence i n  the  g e n e r a l  case of A ,  and A, bo th  

p o s i t i v e  is  i l l u s t r a t e d  in F i g u r e  6 i .  

y ' tga t ive  X and A ,  
In t h e  case of A ,  and A, bo th  n e g a t i v e ,  t h e  components 

y1 and  y2 of Y The 

p o i n t s  Yk l i e  t h e r e f o r e  a l t e r n a t i v e l y  on e i t h e r  s ide  of t h e  

f i n a l  v a l u e  on a c u r v e  t h e  two b r a n c h e s  of which become 

t a n g e n t  at  A , B  t o  t h e  axis a s s o c i a t e d  w i t h  t h e  1 h a v i q  t h e  

larger a b s o l u t e  va lue .  It is t o  be n o t e d  t h a t  t h e  c u r v e  

c r o s s e s  t h i s  axis a t  A,B and t u r n s  i t s  c o n c a v i t y  i n  o p p o s i t e  

d i r e c t i o n s  on b o t h  sides of t h a t  p o i n t .  The ra te  of  con- 

vergence  i s  h e r e  also determined by t h e  of  l a rger  a b s o l u t e  

change t h e i r  signs a t  e v e r y  i t e r a t i o n .  k 

v a l u e  

The case of  two x ' s  of  n e g a t i v e  sigiis is  i l l u s t r a t e d  

i n  Figure Gii, 

Real Charac ter i s t ic  Roots o f  Opposite S i g n s  

S ince  one of t h e  components of Yk changes s i g n  a t  each 

i t e r a t i o n ,  t h e  l o c u s  of t h e  p o i n t s  of t h e  i t e r a t i o n  h a s  two 
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Case (i) 
X t s  p o s i t i v e  

/ 
Case (ii) 

X s iiepat i v e  

Figure c 
Successive 2rror V e c t o r s  i n  t h e  Case of Real 

Characteristic R o o t s  of Same S i g n  
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branches  coming t o  t h e  p o i n t  A,B. These b ranches  a r e  t a n g e n t  

t o  t h e  axis co r re spond ing  t o  t h e  larger i n  a b s o l u t e  v a l u e .  

P o s i t i v e  h G r e a t e r  in Absolute  Value t h a n  Negative 

k The two branches  of the c u r v e  on which t h e  Y p o i n t s  

l i e ,  approach A,B t a n g e n t  t o  a n d  on o p p o s i t e  sides of t h e  

semi-axis co r re spond ing  t o  T h i s  is  i l l u s t r a t e d  i n  

F i g u r e  7 i .  

A. Negntiva h Greater in _b_ha~l_c?fe Value thnn pos i t ive  1 
The two b ranches  of t h e  c u r v e  on which the  Yk p o i n t s  

l i e  approach  A,B  t a n g e n t  t o  t h e  axis c o r r e s p o n d i n g  t o  h neg* 

A l l  t h e  p o i n t s  of t h e  i t e r a t i o n  l i e  on t h e  same s i d e  of t h i s  

axis but  a l t e r n a t i v e l y  on e i t h e r  s i d e  of t h e  semi-axis co r -  

r e spond ing  t o  hposo  This i s  i l l u s t r a t e d  i n  Figure 711. 

Real C h a r a c t e r i s t i c  Roots  Equal  i n  Magnitude 

It h a s  been seeii p r e v i o u s l y  t h a t  real k 'S  of e q u a l  

magnitude can  occur  under  d i f f e r e n t  c i r c u m s t a n c e s .  Each of 

them h a s  t o  be c o n s i d e r e d  s e p a r a t e l y  f o r  i t  y i e l d s  a d i f -  

f e r e n t  t ype  of convergence. 

&qua l  Real Roots and # 0 

I n  o r d e r  t o  o b t a i n  real  e q u a l  r o o t s  when rn # 0 it i s  
12 

n e c e s s a r y  and  s u f f i c i e n t  f o r  t h e  r o o t s  of pi'(z) t o  s a t i s f y  

t h e  r e l a t i o n  
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Case (i) 

Case (ii) 

Success ive  Grror Vec to r s  i i i  t h e  Case of Real 

Characteristic R o o t s  of Opposite Sigus 
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It can  be s e e n  from Equa t ions  (78) and ( 8 0 )  w h i c h  s t i l l  

and m # 0,  t h a t  two Y-axes have t h e  I = 22 12 
a p p l y  when z 

same s l o p e  and  t h e r e f o r e  form a same l i n e  w h i c h  h a s  f o r  s l o p e  

t h e  n e g a t i v e  of t h e  common r o o t .  

The convergence happens i o  a way similar t o  t h a t  of t h e  

f i rs t  two c o n s i d e r e d  cases depending upon t h e  s i g n  of t h e  

's. The f ac t  t h a t  t h e  two Y-axes form one l i n e  does no t  

a f f ec t  t h e  convergence ;  i t  i s  o n l y  necessary t o  remember t h a t  

t h e s e  axes c o r r e s p o n d  t o  the l i n e a r  approximat ion  and the 

f i r s t  order  t e r n s .  I n  p r a c t i c e  t h e  second  o r d e r  terms are 

a l s o  t a k e n  i n t o  account  when t h e  i t e r a t i o n  is made, a d ,  as 

l o n g  as t h e y  a r e  n e g l i g i b l e ,  they w i l l  b r i n g  t h e  s u c c e s s i v e  

p o i n t s  of t h e  i t e r a t i o n  very q u i c k l y  t o  t h e  v i c i n i t y  of the 

commoii axes .  

The two possible c a s e s  which arise wheuever z = z2  and 
3. 

p 0 a r e  c o n s i d e r e d  next. "21 

Both 1 ' s  b q u a l  aiid P o s i t i v e ,  n! # 0 2 1  
The case of bo th  x ' s  e q u a l  a n d  p o s i t i v e  w i t h  m # 0 2 1  

is s imply  an e x t e n s i o i i  of the  f irst  case c o n s i d e r e d  and il- 

l u s t r a t e d  i n  Figure61 . It y i e l d s  a n o n - o s c i l l a t o r y  conver-  

gence and t h e  curve l o c u s  of t h e  p o i n t s  of t h e  i t e r a t i o n  is 

t a n g e n t  a t  A , B  t o  t h e  common axis. 

B o t h  ' s  E q u a l  and  Negat ive,  m # 0 
2 1  

The case of two e q u a l  n e g a t i v e  x ' s  r e s u l t i n g  from e q u a l  

r o o t s  of t h e  quadra t ic  f a c t o r  pi'(z) ,  i s  comparable t o  t h e  
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general case i l l u s t r a t e d  in Figure 6 i i  i n  which t h e  two 

A 1s a re  d i f f e r e n t  and negat ive .  I n  t h i s  case although the 

two axes  y1 and y2 are not  d i s t i n c t  e i t h e r .  

whenever t h e  r e l a t i o n  

is  s a t i s f i s d ,  whether t h e  roots of t i ie  quaiiratic f a c t s t  

p”(z)  are real or conjugate complex. 

Equations ( 7 8 )  are then not  v a l i d  t o  obtain the  slopes 

o f  the Y-axes s i n c e  they  y i e l d  an indeterminate form zero 

over  zero.  

However, since Equation (81) e n t a i l s  also 

m = O  
12 

&quation ( 5 9 )  becomes: 

or 



4 4 

hquatiorr ( 5 9 )  j s  t h e r  f o r  i n  t h e  normal. f rm d t h  

Y-axes a re  t h e  same a s  t h e  X-axes .  

Urilike t h e  case rn # 0 ,  t h e  convergence i n  t h e  case of 

= 0 i n t r o d u c e s  flew aspects .  

b q u a t i o n  ( 8 4 )  c a n  be r e w r i t t e n  s i n c e  t h e  h ' s  are equa l  

21 
equal x ' s  and m 

2 1  

which yields when t h e  i t e r a t i o n  i s  a p p l i e d  k times i n  a row 

1 0  

0 1  2 ,  u+k 

which is e q u i v a l e n t  t o  

1,u 
x - X k  x I, utk - 

The c o o r d i n a t e s  of the  s u c c e s s i v e  poirr ts  remain always 

i n  t h e  same r a t i o ;  t h e  p o i n t s  cad t h e r e f o r e  be expec ted  t o  

l i e  on one o r  two s t r a i g h t  l i n e s  dopending upon t h e  s i g n  of 

, passing t h rough  t h e  p o i n t  A , B  and determined by t h e  

f i rs t  t r i a l  f a c t o r .  

The two p o s s i b l e  c a s e s  a r e  c o n s i d e r e d  next .  
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Both 1 Is are P o s i t i v e ,  m = 0 
21 

S i m i l a r l y  t o  t h e  o t h e r  c a s e s  f o r  w h i c h  bo th  t h e  h ' s  
were p o s i t i v e  t h e  conve rgeme  occurs i n  a l i o n - o s c i l l a t o r y  

way 

The main d i f f e r e n c e  between t h i s  case and t h e  p r e v i o u s  

olies is t h e  absence of a n  asymptot ic  d i r e c t i o n ;  t h e  s l o p e  of 

t h e  t a n g e n t  t o  t h e  curve  locus of t h e  p o i n t s  of t h e  i t e r a t i o i l  

a t  A,B depends upon t h e  i n i t i a l  t r i a l  va lue .  

I n  t h e  t h e o r e t i c a l  case f o r  wh ich  t h e  l i n e a r  approx i -  

mat ion  would be v a l i d  a l l  over  t h e  d, (I - p l a n e ,  a l l  t h e  p o i n t s  

o f  t h e  i t e r a t i o n  would l i e  011 t h e  s t r a i g h t  l i n e  p a s s i n g  

throuph t h e  f i n a l  and t h e  i n i t i a l  p o i n t s .  This is  i l l u s -  

t r a t e d  i n  F i g u r e  81. 

I n  p r a c t i c e ,  however, t h e  l i n e a r  approx iEa t ion  is o n l y  

v a l i d  i n  a c e r t a i n  neighborhood of t h e  f i n a l  va lue .  The 

tar igent  a t  A , B  t o  t h e  curves  l o c i  of the p o i n t s  of t h e  i t e r a -  

t i o i l  s t i l l  depends upon the i n i t i a l  v a l u e  i n s o f a r  t h a t  t h e s e  

c u r v e s  r e a c h  A , B  f r o m  d i f f e r e l i t  d i r e c t i o n s  f o r  d i f f e r e n t  

i i i t i a l  v a l u e s  a i d  t h e s e  cu rves  a r e  g e n e r a l l y  l i n e a r  i n  a 

c l o s e  neighborhood of A , R .  

Both x ' s  a r e  Nega t ive ,  m = 0 
21 

I n  t h e  c a s e  of  b o t h  X I S  i i ega t ive  and m = 0 a n  o s c i l -  21 
l a t o r y  convergence is  o b t a i n e d ,  however i n  t h i s  case as  i n  

t h e  p r e v i o u s  one t h e r e  is no common tangent  a t  A , R  t o  t h e  

curves  l o c i  o f  t h e  iteration. 

In t h e  i d e a l i z e d  case showri i n  F igu re  8 i i ,  f o r  which 
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Case (ii) 
X ' s  negative 

Case (iii) 
y2 

2 
x - -  x 
1 -  

Figure  8 

C o n v e r g e x e  P a t t e r m  f o r  tne  Case of  Real 

Characteristic R o o t s  Gqual i n  Magiiitude 
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t h e  l i l i e a r  approximat ion  i s  assumed t o  be v a l i d  throuj:hout 

t h e  p l a n e ,  i t  cad be seen t h a t  t h e  p o i n t s  of t h e  i t e r a t i o l i  

l i e  a l t e r n a t i v e l y  on e i t h e r  s i d e  o f  t h e  f i l i a l  v a l u e  o n  t h e  

s t r a i g h t  l i n e  determined by t h e  f i r s t  t r i a l  f a c t o r  and t h e  

f i n a l  v a l u e .  
Y .. Y 

I n  p r a c t i c e  t h e  t e rms  of  second order  i n  2 and 

have a l s o  some i n f l u e n c e  on t h e  behaviour of t h e  i t e r a t i o n  

and  t h e  c u r v e  w i l l  n o t  be a s t r a i g h t  l i n e  anymore excep t  i n  

t h e  neighborhood o f  t h e  exac t  v a l u e .  

A €3 

Characteristic Roots  Equal i n  Magnitude 

but Opposite i n  S i g n s  

The case of = - ir, i s  obta i r ied  whetlever 
1 

2n 
1 1  - -  A - -  

R 9, 

T h i s  case i s  a l i m i t  c a s e  between t h e  two cases c o n s i d e r e d  

p r e v i o u s l y  add f o r  which e i t h e r  t h e  p o s i t i v e  o r  t h e  n e g a t i v e  

Equat ion  (59), olice p u t  i n  h had t h e  l a r g e r  a b s o l u t e  v a l u e .  

t h e  normal form may be w r i t t e n  

y 
2,u 

Reasonilia as was done i n  t h e  c a s e  m, = 0 ,  it i s  fourid L1 
t h a t  i n  t h e  l i n e a r i z e d  case, t h e  l o c u s  of Yk c o i i s i s t s  o f  two 
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s t r a i g h t  l i n e s  de t e rmined  by t h e  i n i t i a l  t r i a l  factor, t h e  

r e s u l t  o f  t h e  f irst  i t e r a t i o n  and  t h e  f i n a l .  va lue .  The two 

l i n e s  l i e  on t h e  same s i d e  o f  t h e  axis w h i c h  c o r r e s p o n d s  t o  

t h e  n e g a t i v e  h , but  on oppos i t e  s i d e s  of t h e  axis co r re spond ing  

t o  t h e  p o s i t i v e  h . T h i s  is i l l u s t r a t e d  i n  F ipu re  8 i i i .  

I n  p r a c t i c e ,  as i n  t h e  cases m = 0 ,  t h e  l i n e a r  domain  21 
is  l i m i t e d  and  o n l y  i n  a c e r t a i n  neiEhborhood of t h e  p o i n t  

A , B  t h e  c u r v e s  c a n  be compared t o  s t r a i p h t  l i n e s .  

Complex Conjugate c h a r a c t e r i s t i c  Roots  

It h a s  been shown e a r l i e r  t h a t  t h e  necessa ry  a n d  s u f f i -  

c i e n t  c o n d i t i o n  f o r  t h e  c h a r a c t e r i s t i c  r o o t s  of t h e  matrix N 

t o  be complex c o n j u g a t e  i s  

z and z2 complex coi l jugate  1 

?l + * 
1 and  by 1 2 Denoting 

b q u a t i o n  (68)  may be r e w r i t t e n  
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From & q u a t i o n  ( 9 2 )  i t  may be s e e n  t h a t  t h e  r a t i o  of t he  

two components of t h e  v e c t o r s  Yk remains c o n s t a n t .  However 

a t  each i t e r a t i o n  t h e s e  components r o t a t e  w i t h  e q u a l  a n g l e s  

b u t  i n  o p p o s i t e  d i r e c t i o n s .  The v e c t o r  Y w h i c h  i s  t h e  

r e s u l t a n t  a l s o  r o t a t e s  around t h e  f i n a l  v a l u e .  The c a s e  of 

complex c o n j u g a t e  ' s  has been i l l u s t r a t e d  i n  F i g u r e  5. It 

call be seen t h a t  i f  K i s  the  smallest  i n t e g e r  s u c h  t h a t  

k 

K i t e r a t i o n s  a t  least  are necessa ry  t o  d e s c r i b e  a po r t io r i  of 

t h e  curve cor re spond ing  t o  a r o t a t i o n  of  2 n ,  where 8 i s  

de termined  by 

Fur the rmore ,  t h e  r a t io  of t h e  d i s t a n c e s t o  t h e  p o i n t  

A , B  of two p o i n t s  of t h e  cu rve  s e p a r a t e d  by a n  a n g l e  2n 
2TT i s  e q u a l  t o  - 
0 .  

There fo re  two f a c t o r s  a f f e c t  t h e  convergence;  t h e  

smaller e , t h e  f a s t e r  t h e  convergence s i n c e  f =  1x1, t h e  

larger 8 ,  t h e  more sp i r a l s  t h e  cu rve  l o c u s  of t h e  p a i n t s  of 

t h e  i t e r a t i o n  d e s c r i b e s  be fo re  r e a c h i n g  t h e  p o i n t  A , R .  A 

l a r g e  8 p r o v e s  t o  be v e r y  u s e f u l  f o r  a c c e l e r a t i n g  t h e  search 

f o r  t h e  r o o t s  of s lowly  converging i t e r a t i o n s  as w i l l  be 

shown i n  t h e  nex t  c h a p t e r .  



50 

y . .  
ut4 

Fiaure 9 

S u c c e s s i v e  brror Vectors  i i l  t h e  Case of 

Two Complex Coiljugate Roots  



51 

h a m p l e s  

It1 order t o  i l l u s t r a t e  the previous  r e s u l . t s  a few 

examples are going t o  be considered next. 

xxample I: TWO p o s i t i v e  ' s ,  A # X,. 1 
Consider the  quart i c  

z4 + llz3 +43z2 + 752 + 50 = 0 (95 )  

The v a l u e s  of the x ' s  may be computed from Equat ion 

( 3 6 ) .  They are  Riven for  the r e a l  r o o t s  by 

which y i e l d s  

1 = 0.75 ; 1 = 0.6  
-5 -2  

S imi lar ly  f o r  the imaginary r o o t s  

x -  1 - - 22 (72  + IO) 
i 

t h a t  i s :  

A s  i s  seen from bquation (101)  1 + does ilot s a t i s f y  
\ \ 

-2 - j 
t h e  condi t io i i  ( 3 2 )  but A and A are p o s i t i v e  aiid smal l er  

- 2  - 5  
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Table 1 

R e s u l t s  of t h e  I t e r a t i o n  f o r  t h e  Quartic 

z4 + l l z ' f  43z2 + 752 + 50 = 0 

It e r s t  i n n  

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12  
I3  
1 4  
15 
16 
17 
18 
1 9  
20 
2 1  
22 
2 3  
24 
25 
26 
27 
2 8  
2 9  
30 
31 
32 
3 3  
34 

~ ~ ~ _ _  ~ 

11.000 
9.553 
8.818 
8.369 
8.066 
7,845 

7.546 
7.440 
7,353 
7.282 
7.224 
7 . 177 
7.139 
7 . 108 
7.083 
7.064 
7.049 
7,017 
7.028 
7.021 
7.016 
7.012 
7.009 
7.007 
7 . 005 
7.004 
7 , 0 0 3  
7.002 
7.002 
7.001 
7.001 
7,001 
7,001 
7.000 

- I-_ 

I . b l l J  

43.00 
25.92 
20.22 
17.33 
15.56 
14.34 
1 3  .47 
12.76 
12.21 
11.78 
11 041 
11 . 12 
10.89 
10.69 
10.53 
10.41 
10.32 
10.24 
10.19 
10 14 
10.11 
10.08 
10 . 06 
10.05 
10.03 
10,0.3 
10.02 
10.01 
10.01 
10 . 01 
10.01 
10,00 
10.00 
10.00 
10.00 

_ -  
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30 

20 

10 

i 
/x 

Figure 10 
Successive PoiAlts  of  the I t e r a t i o i l  f o r  t h e  Quartic 

2 4  + 1 1 ~ 3  + d3z2 + 75z + 50 = o 
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t h a n  olie i n  a b s o l u t e  v a l u e .  T h e r e f o r e  t h e  i t e r a t i o n  codverges  

toward t h e  7 ,  1 0  poi l i t  of t h e  d,p -p l ane  i n  a n o n - o s c i l l a t o r y  

way aiid w i t h  a = 0.75. The r e s u l t s  of t h e  i t e r a t i o n  are  
m a x  

showAi in Tab le  1 a a d  F i g u r e  10. 

The Y-axes are  t h e  l i n e s  p a s s i n g  th rough  t h e  p o i n t  7, 

10 and t h e  s l o p e s  of which a r e  a c c o r d i n g  t o  Gquat ion (79)  

= 2 ; 5 - 5  - 5  - s-2 

Since h a s  t h e  l a r g e r  a b s o l u t e  v a l u e ,  t h e  c u r v e  

locus of t h e  i t e r a t i o n  converges  t o  7 ,  10 t a n g e n t  t o  t h e  

axis o f  slope s - ~  = 5 as can be checked from F i g u r e  10. 

- 5  

In t h i s  example and ia t h e  f o l l o w i n g  o m s  t h e  f irst  

t r i a l  q u a d r a t i c  was ob ta ined  by t a k i n g  t h e  c o e f f i c i e a t s  of 

t h e  terms of power u-1 and 11-2 of  t h e  give11 polynomial.. T h i s  

was dolie i n  o r d e r  t o  have an "unbiased" f i r s t  g u e s s  althou)?;h 

t h e  u s e r  i s  a d v i s e d  t o  choose v a l u e s  of do and (3. as c l o s e  

as  p o s s i b l e  t o  t h e  searched  v a l u e s .  Wheii l i o t h i n c  is kiiown 

abou t  t h e  o r d e r  of magnitude of t h e s e  v a l u e s ,  t h e  r u l e  of 

t h e  thumb g i v e n  by Oldenburger t h a t  t h e  f i r s t  c h o i c e  be ap- 

p rox ima te ly  $ t h e  v a l u e s  of t h e  n-1 arid 11-2 t e rms  of P ( x ) ,  

y i e l d s  u s u a l l y  good r e s u l t s .  
t i  

&ample 2 :  ~ w o  nega t ive  A ' s ,  A ,  = A,  (m21 + 0 )  

Coilsider t h e  q u a r t i c  

z'' - l i lz '  + 2 0 z 2  - 242 + 288 = 0 (109) 
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The x ' s  a r e  found t o  be 

5 
G 9 

A = - -  

i s  r e a l  n e g a t i v e  
6 

As may be s e e n  I > l  bu t  

a n d  s m a l l e r  t h a n  one i n  a b s o l u t e  v a l u e .  T h e r e f o r e  t h e  i t e r a -  

t i o n  can  converge  toward the p o i n t  - 1 2 ,  2G of t h e  d, -p l ane  

w i t h  t h e  s u c c e s s i v e  p o i n t s  l y i q  a l t e r n a t i v e l y  on e i t h e r  s i d e  

of t h e  a c t u a l  v a l u e ,  as  may be seeu from Tab le  2 iii which 

t h e  results have beer1 t a b u l a t e d  f o r  t h e  i t e r a t i o n  s t a r t i a g  

a t  -10,  20.  The curve  locus of  t h e  p o i n t s  of t h e  i t e r a t i o n s  

h a v e  been p l o t t e d  i n  Figure  11 f o r  a few i n i t i a l  v a l u e s ,  t o  

show t h a t  a l l  i t e r a t i o m  r e a c h  t h e  f i r ia l  va lue  wi th  t h e  sane 

s l o p e ,  which i s  t h a t  of the  commou ax i s ,  i . e .  s = -6.  

r 

It can a l s o  be seeil from Tab le  2 t h a t  t h e  e r r o r s  011 two 

s u c c e s s i v e  t e rms  of t h e  i t e r a t i o r i  a r e  opposed i n  sign and  i n  

a r a t i o  

F o r  two s u c c e s s i v e  p o i n t s  on t h e  same s i d e  of t h e  f i n a l  v a l u e  

t h e  r a t i o  i s  approx ima te ly  

(109 ) 

=ample 7 :  TWO x ' s  oppos i t e  i n  s i g n  b u t  equal  i n  

magriitude 



Table 2 

Resul ts  of the Iteration for  the Quartic 

z 4  - 10z9+ 20z2 - 2 4 2  + 288  = 0 

It erat iori a( P 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
1. 3 
14 
15 
16 
17 
1. a 
1 9  
20 
21 
22 
23 
24 
25 
26 
27 
28 

10 . 0000 
16.0000 
10.7049 
13 3716 
21.~410 
12.5141 
11.7131 
12.1931 
11.5865 
12.9713 
11.9575 
12 .0257 
11.9846 
12,0091 
11.9946 
12.0032 
11 . 5581 
12,0011 
11.9593 
12 .0003 
11 -9957 
32,0001 
11,9999 
12.0000 
11.9999 
12 . CIOOO 
12 .oooo 
12 , 0000 
12 . r)OOO 

20.0000 
65 . 6000 
26.8887 
45.3821 
31 e5858 
39,3944 
34.1373 
37.2498 
35,2711 
36.4559 
95,7305 
36.1631 
35 . 9034 
? G  .os75 
15.9661 
16.g199 
'35,9883 
3 6 . 0 0 6 8  
35.59h0 
36.0023 
35.9986 
36.0008 
35.9995 
36.0002 
35 . 9998 
3G. 0001 
35.9999 
.?G.OOOO 
36.0000 
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Co ns ide  r t h e e quat  i oii 

2,'j - 10.4z2 - 19 .22  - 12.8=0 (110) 

3 2 (z' - 2 2  - 8 )  ( Z  + 22 + 1.6)=0 (111) 

It  is found f o r  t h e  1 1 s  

-1kj 0.774 x = *,j 4.12 (113) 

= 0.6 ; h, = -  0.6 (114) -2 

The i t e r a t i o n  converges t h e r e f o r e  toward t h e  p o i a t  - 2 ,  

- 8  of t h e  d,p -p lane  on t w o  c u r v e s  depending upoii t h e  i n i t i a l  

t r i a l  f a c t o r  aiid wi th  a r a t e  of coavergence determined by 

The r e s u l t s  of t h e  i t e r a t i o n  a r e  shown i n  Table 3 f o r  

t h e  case in which t h e  i n i t i a l  f a c t o r  is 0 ,  -10.8. The cor- 

responding  curve and curves f o r  o t h e r  i n i t i a l  va lues  a r e  

shown i n  F igure  1 2 .  

I t  can be seen from Figure 1 2 ,  t h a t  t h e r e  a r e  no common 

tange. i ts  t o  t h e  curve  a t  the  p o i n t  - 2 ,  -8  as could be ex- 

pec ted  from t h e  t h e o r y  cons idered  e a r l i e r .  

Iixample 4:  Complex coii jugate c h a r a c t e r i s t i c  r o o t s  

Coas ider  t h e  q u i a t i c  
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Table 3 

R e s u l t s  of t h e  I t e r a t i o n  f o r  t h e  Quar t i c  

z 4  - 1 0 . 4 ~ ~  - 19.22 - 12.8 = 0 

~ 

I t e r a t i o n  d 

0 
1 

3 
4 
5 
6 
7 
8 
9 

10 
11 
1 2  
13 
14 
15 
16 
17 
1.8 
15 
20 
2 1  
22 
2 3  
24 
25 
26 
27 
28 

7 - 
0 . 00000 

-1.84615 
-1.47610 
-1.94258 
-1.82785 
-1 57898 
-1 . 93907 
-1 .!I9238 
-1.57858 
-1.99725 
-1. W 3 2  
-1.95901 
-1.55724 
-1 . 59964 
-1.59900 
-1.59987 
-1 . 95964 
-1.99955 
-1 99987 
-1.99998 
-1.59995 
-1 . 99999 
-1.55598 
-1.59959 
-1 . 59999 
-2 . 00000 
-1 59999 
-2 . 00000 
-2 . 00000 

-10.4000 
-11.6307 

-8.59117 
-8.27288 
-3 . 32994 
-8 097G4 
-8. I1573 
-8 . 03509 
-8.04129 
-8.01262 
-8.01482 
-8 . 00455 
-8.00533 
-8.00164 
-8 . 001 92 
-9.00059 
-8,00065 
-8.00021 
-8 00025 
-8.00008 
-8.00009 
-8  . 00003 
-8 00003 
-8.00001 
-8.00001 
-8.00001 
-8 00001 
-8.00000 

-8.77541 
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Figure 1 2  

Successive  p o i n t s  o f  the I t e r a t i o n  f o r  t h e  Quartic 
z 4  - 1 0 . 4 ~ ~  - 1 5 . 2 ~  - 12.8=0, f o r  D i f f e r e n t  I . i i t i a l  Tria l  Factors  



2 
' z 5  + 4z4 + 112' + 152 + 122 + 5 =  0 (115) 

(z2  + 2 2  + 5) (z2  + z + 1) (z + 1)=0 (116) 

(2 + 1 + 2 j )  ( Z  + 1 - Zj) (z + 0.5 + j 0.866) 

( 2  + 0.5 - .j 0,866) (z + l > = O  (117) 

The ha3 a r e  f o u n d  t o  be 

The i t e r a t i o n  converges toward t h e  p o i n t  2 ,  5 of t h e  

d,p -plane w i t h  f = 0.721 and 8 = 40' w h i c h  means t h a t  

approx ima te ly  9 i t e r a t i o n s  are n e c e s s a r y  t o  d e s c r i b e  a por-  

t i o n  of t h e  cu rve  cor responding  t o  an ang le  of Zn, arid t h a t  

f o r  s u c h  a r o t a t i o i l  t h e  e r r o r  w o u l d  decrease i n  a r a t i o  

The r e s u l t s  a r e  g iven  i n  Table  4 and t h e  co r re spond ing  

cu rve  i s  p l o t t e d  i n  F i g u r e  13. 

From t h e  s t u d y  and t h e  examples given i n  t h i s  s e c t i o n ,  

i t  i s  p o s s i b l e  t o  see t h a t  t h e  convergence of  t h e  i t e r a t i o n  

can only f o l l o w  a c e r t a i n  dumber of d e f i n i t e  p a t t e r a s .  The 

m x t  problem which a r i s e s  is t o  see how t h i s  kriowledge can 

be used t o  speed  up t h e  f a c t o r i z a t i o n  of t h e  give11 polynomia ls .  
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Table 4 

Resul ts  of the Iteration f o r  the  Quintic 

z5 + 4z4 + llz3 + 15z2 + 122 + 5 = 0 

It erati  on d P 
0 
1 
2 
3 
4 
5 
6 
7 
0 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

4 . 0000 
3 . 0143 
2.4517 
2 .(3925 
1.8766 

1.8231 
1 . 9250 
2 . 0083 
2.0488 
2.0489 
2 00281 
2 . 0067 
1.9923 
1.9882 
1.9909 
1 . 9962 
2 . 0005 
2.0025 
2.0025 
2.0015 
2 . 0003 
1 , 9996 
1 . 9994 
1.9995 
1 . 9998 
2 . 0000 
2.0001 
2 . 0001 
2.0001 
2 . 0000 

. m ~ n n  
L . t Y L . 7  

11.0000 
6.1315 
4 . 7766 
4.3486 
4.3506 
4.5944 
4.9150 
5.1424 
5.2028 
5 . 1458 
5 . 05G2 
4 . 9883 
4.9584 
4 . 9600 
4 . 9774 
4 . 9959 
5 . 0073 
5 . 0102 
5 . 0075 
5,0029 
4 . 9993 
4 . 9978 
4 0 9979 
4 . 9988 
4.9998 
5 . 0004 
5 . 0005 
5 . 0004 
5 . 0002 
5.0000 
4 . 9999 
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Figure 13 
Success ive  Poi i i t s  of  t h e  I t e r a t i o n  for  t h e  Quint ic  

z 5 +  4Z4+ 11z3+ 15z2+ 122+5 =0, for Different In i t ia l  Trial Factors 



3 .  U I ' I L I Z A T I O N  OF THb PRbVIOUS RbSULTS TO 

SPWD Up TH2 F I N D I N G  OF ROOTS 

I n  t h e  p r e v i o u s  s e c t i o n  t h e  convergence of t h e  i t e r a t i o r i  

p r o c e s s  was s t u d i e d  and  i n t e r p r e t e d  i n  t h e  d,(3 -p lane .  It 

w a s  shown t h a t  depending upon t h e  n a t u r e ,  t h e  s i g n  and  t h e  

magnitudes of t h e  c h a r a c t e r i s t i c  r o o t s  of t h e  matrix c o r r e s -  

ponding t o  a l i n e a r i z a t i o n ,  d i f f e r e n t  t y p e s  of convergence 

c o u l d  occur .  A few examples were shown t o  i l l u s t r a t e  t h e s e  

r e s u l t s .  

111 p r a c t i c e ,  however, i t  is i n t e r e s t i n g  t o  f i n d  t h e  

r o o t s  as f a s t  as p o s s i b l e  aod w i t h  as good an accuracy  as 

p o s s i b l e ,  and  i t  is  always des i r ab le  t o  speed up  t h e  s o l u -  

t i o n  and t o  reduce t h e  number of  c a l c u l a t i o n s  as much as 

p o s s i b l e .  Knowing from t h e  p r e v i o u s  c h a p t e r  t h e  d i f f e r e n t  

p a t t e r n s  wh ich  t h e  s u c c e s s i v e  i t e r a t i o n s  may f o l l o w ,  it 

would be p o s s i b l e  once the  c h a r a c t e r i s t i c  r o o t s  of t h e  m a t r i x  

c o r r e s p o n d i n g  t o  any s p e c i f i c  i t e r a t i o n  p r o c e s s  are  known t o  

improve on t h e  accu racy  of t h e  c o e f f i c i e n t s  of a q u a d r a t i c  

f a c t o r  by using a n  i n t e r p o l a t i o n  o r  a n  e x t r a p o l a t i o n .  

T h i s  seems p a r a d o x i c a l  s ince  t h e  v a l u e s  of t h e  1 1s a r e  

r e q u i r e d  and t hese  can be c a l c u l a t e d  only o w e  t h e  searched 

v a l u e  i s  f o u n d ,  w h i c h  leads t o  t h e  c o n c l u s i o n  t h a t  if t h e  

aliswer is  knowii t h e  problem can be s o l v e d .  However, t h e  
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knowledge of t h e  charac te r i s t ic  r o o t s  o f  M is not  n e c e s s a r y ,  

because w i t h  ve ry  l i t t l e  o r  even w i t h o u t  any p r e v i o u s  ex- 

p e r i e n c e  a u s e r  of t h e  method car1 recogn ize  t h e  class- of  con- 

vergence  t o  which any s p e c i f i c  i t e r a t i o n  belongs af te r  j u s t  

a few i t e r a t i o n s .  Then w i t h  t h e  use of a numer ica l  o r  

graphical  i n t e r p o l a t i o n  ( o r  e x t r a p o l a t i o n )  v a l u e s  of t h e  

c o e f f i c i e n t s  of t h e  q u a d r a t i c  f a c t o r  much c l o s e r  t o  t h e  

exact v a l u e s  c a n  be found.  Repeating a few t imes t h e  p r o c e s s  

of combining i t e r a t i o n s  and i n t e r p o l a t i o n s  ( o r  e x t r a p o l a t i o n s )  

t h e  accu racy  on t h e  c o e f f i c i e n t s  can  be improved as much as 

d e s i r e d .  

This method is very powerfu l ,  because  w i t h  v e r y  l i t t l e  

e x t r a  e f f o r t ,  o m e  t h e  type  of convergence h a s  been found,  

i t s  use r  may improve a l o t  o n  t h e  accu racy  aiid g e t  as many 

s i g l i i f i c a n t  d i g i t s  a s  he wishes ,  wi tbout  having  t o  c a r r y  

many s u p e r f l u o u s  ones  i n  h i s  c a l c u l a t i o n s  

In t h e  f o l l o w i n g  examples some problems similar t o  those  

which might  a r i s e  in prac t ice  a r e  c o n s i d e r e d .  

hxample 5: 

Coasider t h e  q u a r t i c  

z4 + 20z3 + 1 3 0 ~ ~  + 37'02 + 400 = 0 ( 1 2 1 )  

A f t e r  f o u r  i t e r a t i o n s ,  It can be seen  t h a t  t h e  c o n s i d e r e d  

c a s e  cor responds  t o  e i t h e r  a c a s e  of bo th  A ' s  p o s i t i v e  o r  

bo th  complex coiljugate with a v e r y  low v a l u e  o f  8 .  A COA?- 

t i n t i a t i o r i  o f  t h e  i t e r a t i o n  p r o c e s s  would y i e l d  more p r e c i s i o n  



about  t h e  n a t u r e  of t h e  X I S  b u t  t h i s  i s  ilot necessa ry ,  

E x t r a p o l a t i n g  the results w h i c h  might be s e e n  i n  t h e  

first s e t  of i t e r a t i o n s  of Table  5 ,  o r  011 t h e  cu rve  shown i n  

F i g u r e  14,  i t  c a n  be seen t h a t  14.0, 35 s h o u l d  be a good 

iiext approximat ion .  

I t e r a t i n g  t h r e e  t imes  a g a i n  suggests 13.9,33.1 as being 

c l o s e r  t o  t h e  f i n a l  v a l u e ,  and r e p e a t i n g  t h e  process once 

more would y i e l d  13.892,  33.04, 

F i n a l l y  t h e  q u a d r a t i c  f a c t o r ,  i t s  c o e f f i c i e n t s  d e f i n e d  

w i t h  G s i g i i i f i c a n t  d i g i t s ,  is found t o  be 

p':'(z) = z2  + 13.8913~ + 33.0332 (122) 

And t h e  given q u a r t i c  of Bquation (121) can be f a c t o r i z e d  

(z2 + 13.89182 + 83.0332) (z2 + 6.10872 + 12.1090) = O  (123) 

The r e s u l t s  of t h e  success ive  i t e r a t i o n s  a r e  showri i n  

Tab le  5 ,  and  a p a r t  of t hese  r e s u l t s  h a s  been i l l u s t r a t e d  

i n  F igu re  14,  

It i s  i n t e r e s t i n g  t o  n o t i c e  how a r e l a t i v e l y  small 

amount of c a l c u l a t i o n s  has  l e d  t o  a ve ry  h i g h  accuracy .  

Example 6: 

Cons ider  t h e  q u a r t i c  

z4  + 92' - 100z2 - 9502 - 2040 = 0 (124) 

F i v e  o r  six i t e r a t i o m  a r e  s u f f i c i e l i t  t o  r ecogn ize  t h a t  t h i s  

i s  t h e  case  of two 1 ' s  of o p p o s i t e  s i g w  w i t h  t h e  n e g a t i v e  
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Table 5 

R e s u l t s  of Successive I t e r a t i o n s  f o r  t h e  Quartic 

z4  + 20z3 + 13Uz2 + 3702 + 400 = 0 

F i r s t  Set o f  I t e r a t i o n s  

I t e r a t i o n  0 1 2 3 4 

d 20.0 17.6 16.5 15.8 15.3 

130 79.5 6 2 , 6  54.0 48.6 r 
Second Set o f  I t e r a t i o n s  

I t  e r a t  1 on 0 1 2 3 

d 14.00 14.00 13.98 13 . 96 

e 35 .oo 34.57 34.19 33.89  

T h i r d  Set of  I t e r a t i o n s  

I t e r a t i o n  0 1 2 3 

d 13 .goo 13.896 13.895 13.893 

93.100 33 077 33 .063  33.054 P 
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P o i a t s  of Success ive  I t e r a t i o n s  for t h e  Determinatioo of 

Roots of the  Quartic z 4 +  20z3 + 1.30z2+ 3702 + 400 = O  

t h e  
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having  t h e  larger a b s o l u t e  v a l u e .  By i n t e r p o l a t i o n  a good 

approximatioi l  t o  t h e  exact c o e f f i c i e n t s  of t h e  q u a d r a t i c  

f a c t o r  c a n  be obtair ied.  I f  more accu racy  is d e s i r e d ,  t h e  

i t e r a t i o n  may be c o n t i n u e d  from t h e s e  v a l u e s ,  t h e  knowledge 

of  t h e  t y p e  of convergence o b t a i n e d  i n  t h e  first s e t  of 

i t e r a t i o n s  a l l o w i n g  a r e d u c t i o n  i n  t h e  number of i t e r a t i o n s  

n e c e s s a r y  t o  o b t a i n  t h e  next approximat ion .  The accu racy  

w i t h  which t h e  q u a d r a t i c  f a c t o r  i s  o b t a i n e d  increases  with 

t h e  number of t imes t h e  combinat ion " i t e r a t i o n s  p l u s  i n t e r -  

p o l a t i o n "  i s  r e p e a t e d .  

For t h e  c a s e  of l iquation (124) ,  i t  can be s e e n  from 

Table 6 ,  t h a t  a f t e r  e i g h t  i t e r a t i o n s  a rough i n t e r p o l a t i o n  

g i v e s  as first approximation t o  t h e  q u a d r a t i c  f a c t o r  p ( z ) :  

P ( Z )  = z2 + 1.302 - 125.0 (125) 

Taking  t h e s e  v a l u e s  f o r  nex t  t r i a l  f a c t o r  and i t e r a t i n g  

six times as shown i n  t h e  second p a r t  of Tab le  6 ,  t h e  f a c t o r  

becomes a f t e r  i n t e r p o l a t i o n :  

p ( Z )  = z 2  + 1.3052 - 126.23 (126) 

Repeatiirg t h e  same p rocess  agaiti t h e  c o r r e c t  v a l u e  is 

o b t a i n c d  w i t h i r i  six  s i g n i f i c a n t  d i g i t s ,  and t h e  quart ic  of 

h q u a t i o n  (124) can  be f a c t o r i z e d  i n t o  t h e  e x p r e s s i o n :  

( Z 2  + 1.305622 - 126.209) ( z 2  + 7.694382 +16.1635) = O  (127) 

The c u r v e  i l l u s t r a t i n g  t h e  g e n e r a l  hehav iour  of t h e  
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Figure 15 

Points of Success ive  Iterations f o r  t h e  Determiaation of the 

Roots of t h e  Quartic z 4 +  9z3 - 100z2 - 9502 - 2040 = 0 
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convergence i n  t h e  d , p - p l a n e  i s  g i v e n  i n  F i g u r e  15. 

bxample 7: 

Cons ider  t h e  q u i n t i c  

From t h e  first few i t e r a t i o n s  one c a n  e x p e c t  e i t h e r  t h e  c a s e  

of two p o s i t i v e  x ' s  cor re spond ing  t o  two r ea l  r o o t s ,  o r  two 

complex c o n j u g a t e  x * s  w i t h  small v a l u e s  of 8 .  A few more 

i t e r a t i o n s  would g i v e  more i n f o r m a t i o n  on t h e  l ia ture  of t h e  

x ' s  b u t  t h i s  i s  n o t  necessary  i n  o r d e r  t o  f i n d  t h e  q u a d r a t i c  

f a c t o r .  Af te r  t h r e e  i t e r a t i o n s  ail e x t r a p o l a t i o n  is made 

which y i e l d s  f o r  nex t  t r i a l  f a c t o r :  

The second s e t  of i t e r a t i o n s  ( a l s o  showu i n  Table  7) shows 

t h a t  t h e  d r e c t i o n  of t h e  p o i n t s  of t h e  i t e r a t i o n  has changed 

which means t h a t  t h e  x ' s  are  c o n j u g a t e  complex. From t h e r e  

on, remembering t h a t  t h e  s e a r c h e d  v a l u e s  have t o  c o r r e s p o n d  

t o  a p o i n t  l o c a t e d  i n s i d e  t h e  c o n c a v i t y  of t h e  cu rve  i n  t h e  

d , ~  - p l a n e ,  a n  approximation as good as d e s i r e d  t o  p''(z) 

c a n  be o b t a i n e d  v e r y  qu ick ly  as shown i n  Table 7. I n  t h e  

c a s e  of t h e  q u i n t i c  of  Equat ion  ( 1 2 8 )  t h e  c o e f f i c i e n t s  of  

p':'(z) o b t a i n e d  w i t h i n  s i x  s i g n i f i c a n t  d i g i t s  a l l o w  t h e  quin-  

t i c  t o  be f a c t o r i z e d  as: 

(z2 + 2.642412 + 2 .95485)  

(z3 + 1.85758~~ + 1.136642 + 0.507640) = O  (130) 
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Table 7 

R e s u l t s  of  Successive Iterations for  t h e  Quintic 

z5  + 4 . 5 ~ ~  +9z3 + 92’ + 4.72 + 1.5 = 0 

F i r s t  Set of I t e r a t i o n s  

4.5 

9.0 

3.7 

5.1 

3 . 3  

3 . 9  

3.0 

3 02 
~ ~~ ~~ ~ ~~ 

Second Set of I t e r a t i o n s  

I terat ion 0 1 2 3 

d 2,s 2 . 4 2  2 , 4 1  2.46 

Third Set of I t e r a t i o n s  

I t e r a t i o n  0 1 2 2 

d 2.60 2.65 2 . 6 8  2.69 

Fourth Set of I t e r a t i o u s  

d 2.6400 2,6400 2.6407 2.6416 
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4- 

CONTINUATION OF 
ITERATION 

,& 3.02 2% 

3 
I al 

4 5 

Figure  16 

P o i n t s  o f  Successive  I t e r a t i o n s  f o r  the Determination of the 

Roots  of  the  Quiat ic  z 5 +  4 . 5 z 4 +  9 z 3 +  9z2+ 4.72 +1.5 = 0 



The curve  r e p r e s e n t i n g  t h e  p r o g r e s s  

g i v e n  i n  F i g u r e  16. 

hxample 8 :  

Coas ider  t h e  s e c t i c :  

z 6  + 1&5 + ,,-4 I I L  + 2G5z3 7ooz2 + 

7 5  

f t h e  i t e r a t i - n  i s  

I n  t h i s  p a r t i c u l a r  case a new phenomenon c a n  be observed  

due t o  t h e  f a c t  t h a t  t h e  l i n e a r  approximat ion  i s  v a l i d  on ly  

i n  a c l o s e  neighborhood of t h e  f i l i a l  v a l u e .  From t h e  first 

t h r e e  r e s u l t s  of t h e  i t e r a t i o n ,  a convergence co r re spond ing  

t o  two p o s i t i v e  x ' s  o r  two complex c o n j u g a t e  x ' s  c o u l d  be 

expec ted .  However a f t e r  t he  t h i r d  i t e r a t i o n  t h e r e  is a 

sudden jump e a s i l y  n o t i c e a b l e  i n  F igu re  17. Car ry ing  t h e  

i t e r a t i o n  f u r t h e r ,  i t  becomes a p p a r e n t  t h a t  t h e  two x ' s  a r e  

i n  f a c t  r e a l  and nega t ive .  From t h e r e  on ,  by combining 

Oldenburger ' s  r i g h t  t o  l e f t  s y n t h e t i c  d i v i s i o n  and a simple 

i n t e r p o l a t i o n  p r o c e s s ,  one c a n  f i n d  as good a n  approximat ion  

as i s  d e s i r e d  t o  t h e  q u a d r a t i c  f a c t o r .  In Table 8 t h e  suc- 

c e s s i v e  r e s u l t s  of t h e  i t e r a t i o n  are shown and t h e  co r re spond ing  

curves a r e  p l o t t e d  i n  F igure  17. Knowing t h e  c o e f f i c i e n t s  of 

t h e  q u a d r a t i c  f a c t o r  w i t h i n  six d i g i t s ,  t h e  s e c t i c  of Equa- 

tioA? (131) can  be f a c t o r i z e d :  

( z 2  + 10,28292 + 23.2184) 

( z 4  + 3 . 7 1 7 1 ~ '  + 1 5 . 5 5 9 2 ~ ~  + 18.70'122 + 146.435) = O  ( 1 3 2 )  

To f i n i s h  so lv i i ig  t h e  problem, t h e  r o o t s  of t h e  q u a r t i c  
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Figure 17 

Point s  of Success ive  I t e r a t i o u s  for  the  Determination 

of t h e  Roots of the  Sect ic  

z'; + 14z5 + 77z4 + 2 6 5 ~ ~  + 7OCJz2 + 19402 + 3400 = 0 
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must  be determined.  With f o u r  i t e r a t i o n s  t h e  case of two 

complex c o n j u g a t e  's w i t h  a n  argument of approx ima te ly  

100' is  recognized .  

one o r  two i t e r a t i o n s  a r e  s u f f i c i e n t  t o  i n d i c a t e  a b e t t e r  

approximat ion  s i n c e  t h e  sea rched  va lue  is kaown t o  l i e  in -  

s i d e  t h e  c o n c a v i t y  of t h e  curves .  

F o m  t h e r e o n ,  f o r  each  new t r ia l  va lue  

The r e s u l t s  of t h e  i t e r a t i o n s  are g i v e n  i n  Table  9,  and 

t h e  co r re spond ing  c u r v e s  p l o t t e d  i n  F igu re  18. When t h e  

q u a d r a t i c  f a c t o r  h a s  been found w i t h  six s i g n i f i c a n t  d i g i t s ,  

t h e  s e c t i c  of Equat ion  (131) c a n  be w r i t t e n  as: 

( z 2  + 10.28292 + 23.2185) (2' + 5.509672 +16.6305) 
(133)  

(z2 - 1.792572 + 8.80514) = 0 

Other  examples of converging i t e r a t i o n s  c o u l d  be con- 

s i d e r e d  t o  i l l u s t r a t e  more c a s e s  of .problems f o r  which t h e  

i t e r a t i o n  conve rges ,  b u t  i t  is b e l i e v e d  t h a t  t h i s  would be 

s u p e r f l u o u s  at  t h i s  p o i n t  t o  c o n s i d e r  any more cases f o r  

which  t h e  c h a r a c t e r i s t i c  r o o t s  of t h e  matrix co r re spond ing  

t o  t h e  l i n e a r  approximation a r e  both  s m a l l e r  t h a n  one i n  

a b s o l u t e  v a l u e ,  s i n c e  t h e  problems which would be encoun te red  

would have t h e  same n a t u r e ,  
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Table 9 

Results of Successive I t e r a t i o n s  f o r  the  Quartic 

z4+ 3.7171z3+ 15.5592z2+ 18,70122 +146.435 = 0 

First Set of I t e r a t i o n s  

t+r-r+;nn . L L G I Q L I U U  0 1 2 3 4 

d 3.7 4.9 8.9 4.9 4.5 

15 10 26 20 12 P 
- 

Second Set of I t e r a t i o n s  

I t  e r a t i o n  0 1 2 

d 6.00 5.38 5.23 

0 18.00 17 e 4 6  15e25 

Third Set of  I t e r a t i o n s  

I t e r a t i o n  0 1 2 

d 5.500 5.513 5.516 

16 . 60 16.61 16e66 ? 
Fourth Set of I t e r a t i o n s  

It e r a t i o n  0 1 2 

d 5.5100 5.5101 5 . 5093 
16.630 16.633 16 . 630 (1 
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I N T E R POL AT ION 
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116.55 + 
5.50 5.51 5.521 

OL 

IT E R ATlON 

A 
..16.70 
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--16.65 

B 

- -  16.60 

4 5 6 7 8 9 
13 a 

Fimre 18 
P o i n t s  of Successive I t e r a t i o n s  f o r  t h e  Determination of t h e  Roots 

o f  t h e  Quartic 24, 3.7171z7+ 15.5592z2+ 18.701.2~+ 146.435 = 0 
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4 .  EXTSNSIOY OF THl3 METHOD T O  DIVT5RCINCI ITLTATIONC 

In t h e  p r e v i o u s  c h a p t e r s  on ly  e q u a t i o n s  f o r  w h i c h  t h e  

method converged  were cons ide red .  Although t h i s  c o v e r s  most 

e q u a t i o n s ,  t h e  method c a n  be extended, whenever n e c e s s a r y ,  t o  

some d i v e r g i n g  i t e r a t i o n s ,  

It w i l l  be shown t h a t  some of t h e  p r o p e r t i e s  found f o r  

conve rg ing  i t e r a t i o n s  apply  a l s o  t o  d ive rg i i l g  c a s e s ,  IIowever, 

t h o  d i v e r g i n g  p r o c e s s  i s  not  w e l l  s u i t e d  f o r  making any 

g e n e r a l  s t u d y  because as the i t e r a t i o i l  p r o g r e s s e s  t h e  p o i n t s  

move o u t  of t h e  r eg ion  where t h e  l i n e a r  approximat ion  i s  

v a l i d .  The methods c o n s i d e r e d  below a r e  t h e r e f o r e  more f i t t e d  

f o r  i n c r e a s i n g  t h e  accuracy  of  a s e t  of c o e f f i c i e n t s  t h a u  t o  

de t e rmine  them i n  t he  f irst  p l a c e ,  e s p e c i a l l y  when t h e  quad- 

r a t i c  f a c t o r  co r re sponds  t o  two r e a l  X 's. 

The phenomena which occur  a r e  i n  n a t u r e  similar t o  t h o s e  

found  when t h e  x ' s  a r e  s m a l l e r  tha i i  one i n  a b s o l u t e  v a l u e .  

They can be now c l a s s i f i e d  i n  f o u r  g e n e r a l  c a t e g o r i e s  which 

are c o n s i d e r e d  l iext.  

Complex Conjugate  1 ' s  w i t h  Moduli Larger t h a n  One 

For  b o t h  h's  complex coi l jugate  aad g r e a t e r  t h a n  one i n  

a b s o l u t e  v a l u e ,  t h e  s u c c e s s i v e  p o i i i t s  of t h e  i t e r a t i o n  l i e  oil 

t h e  curve  s p i r a l l i n g  around and  outwards from t h e  s e a r c h e d  

v a l u e .  The l o c u s  of t h e  poir i ts  of  t h e  i t e r a t i o i l  h a s  t h e  same 
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a s p e c t  as t h a t  found f o r  t h e  converg ing  c a s e  and t h a t  was 

i l l u s t r a t e d  i n  F i g u r e  9. The r a t e  of i n c r e a s e  of t h e  e r r o r -  

v e c t o r  and t h e  ang le  of r o t a t i o n  a r e  de te rmined  as was done 

b e f o r e ,  The o n l y  main d i f f e r e n c e  is t h a t  i n  t h e  case of 

I h 1>1 t h e  s u c c e s s i v e  e r r o r  v e c t o r s  i n c r e a s e  i n s t e a d  of 

dec reas ing .  

For t h e  c a s e  o f  two r e a l  h t s  one of which is  l a r g e r  

t h a n  one i n  a b s o l u t e  v a l u e ,  t h e  o t h e r  one s m a l l e r ,  i t  can  be 

s e e n  from E q u a t i o n  (71)  which i s  s t i l l  v a l i d ,  t h a t  one of t h e  

components of Yk i n c r e a s e s  whi le  t h e  o t h e r  one d e c r e a s e s  f o r  

s u c c e s s i v e  s t e p s  of t h e  i t e r a t i o n ,  The p o i n t s  of t h e  i t e r a -  

t i o i i  d i v e r g e  t h e r e f o r e  from t h e  s e a r c h e d  value a s y m p t o t i c a l l y  

t o  t h e  axis co r re spond ing  t o  IhI>l. The same s t u d y  w h i c h  wa6 

done f o r  Ill( # Ih21 <1 c o u l d  be made a g a i n  b u t  s i n c e  t h e  

r e a s o n i n g  i s  e x a c t l y  t h e  same, t h e  g r a p h i c a l  r e p r e s e n t a t i o n  

of  t h e  f o u r  p o s s i b l e  c a s e s  which is  g i v e n  i n  FiEure  19 shouJd 

he s u f f i c i e n t  t o  i l l u s t r a t e  t h e  d i f f e r e n t  p o s s i b i l i t i e s .  

A P e a l  XI,, Ihi l>l ,  i = 1,2 but  m 2 1  # 0 ,  - B # - ma 
~ _ _  

For t h e  case  of two real  h t s  b o t h  g r e a t e r  t han  one i n  

a b s o l u t e  v a l u e ,  t h e  two components of t h e  v e c t o r  Yk d i v e r g e ,  

The re fo re  t h e r e  a r e  110 asymptotes ,  b u t  t h e r e  i s  a n  a sympto t i c  

d i r e c t i o n  which is t h a t  of t h e  axis co r re spond ing  t o  t h e  

F r e a t e r  x iil a b s o l u t e  v a l u e .  Here again f o u r  cases a r e  pos- 

s i b l e  depending upoii t h e  s i g n s  arid magnitudes of  t h e  I s  
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Y2 

Yz 

Case (ii) 

A, c-1 ; O < A , < - l  

Figure 19 

Diveryence  Pa t te r r i s  for t h e  Case of 

Real C h a r a c t e r i s t i c  R o o t s ,  



84 

and they have been i l l u s t r a t e d  i n  F i g u r e  20.  

Real 1 ' s  of  Zqual  Magnitudes Larger  t h a n  One i n  

A 2m Absolu te  Value w i t h  m - 0 o r  - = 2 
21 - R m w  

3 m  

When m21 = 0 o r  - A = - LAull and t h e  1 ' s  a r e  R r e a t e r  t h a n  n 21 
one i n  a b s o l u t e  v a l u e ,  t h e  p o i n t s  of  t h e  i t e r a t i o n  d i v e r g e  

from t h e  s e a r c h e d  v a l u e  on one o r  two l i n e s  depending upon 

t h e  c o a s i d e r e d  case. The  g raph ica l  r e p r e s e n t a t i o n s  of t h a t  

case would be similar t o  those  seen i n  Figure 8 ,  where  how- 

e v e r  t h e  s u c c e s s i v e  p o i n t s  of t h e  i t e r a t i o n  d i v e r g e  from t h e  

s e a r c h e d  v a l u e  i n s t e a d  of  converg ing  t o  i t .  

It c a n  t h e r e f o r e  be seen from t h e  c u r v e s  shown i n  F i g u r e s  

1 9  and 20,  as w e l l  as from t h e  c u r v e s  g i v e n  i n  F i g u r e s  8 and 

5 ( f o r  which  t h e  o r d e r  of t h e  s u c c e s s i v e  i t e r a t i o n s  has been 

i n v e r t e d )  t h a t  by s u c c e s s i v e  approx ima t ions  i t  Is s t i l l  pos- 

s i b l e  t o  de t e rmine  t h e  q u a d r a t i c  f a c t o r  a l t h o u g h  t h e  i t e r a t i o n  

d i v e r g e s .  

One s h o u l d  no t  minimize however t h e  fact t h a t  t h e  ap- 

p l i c a b i l i t y  of t h e s e  r e s u l t s  is reduced because  t h e  i t e r a t i o n  

h a s  a tendency  t o  take  t h e  s u c c e s s i v e  p o i n t s  o u t  of t h e  domaill 

i n  w h i c h  l i n e a r i t y  can  be r easonab ly  assumed. The c h o i c e  of 

a good first t r i a l  f a c t o r  i n  t h e  c a s e  of d i v e r g i n g  i t e r a t i o n s  

becomes of  paramount importance.  

Two examples are goitig t o  be considered next t o  illus- 

t r a t e  how t h e  method can s t i l l  be used  i n  some c a s e s  of 
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Case (i) 
x > X > l  

1 2 

Case (ii) 

- 1  < A 2 <  A, 



d i v e r g i n g  i t e r a t i o n s .  

bxamp1.e 9 :  

Consider  t h e  q u a r t i c  

zd - 2z3 + 272' - 612 + 291 = 0 (194)  

F i v e  o r  six i t e r a t i o n s  are s u f f i c i e n t  t o  show t h a t  t h e  

i t e r a t i o n  does not converge a l t h o u g h  t h e  s u c c e s s i v e  v a l u e s  

o f  t h e  i t e r a t i o n  i n d i c a t e  t h e  p r e s e n c e  of a p o s s i b l e  s o l u t i o r i  

i n  t h e  neighborhood of t h e  p o i n t  4 ,  25. Taking t h e s e  v a l u e s  

f o r  t h e  nex t  t r i a l  f a c t o r ,  it may be seet i  t h a t  t h e  i t e r a t i o r i  

d i v e r g e s  w i t h  a n  argument 8 = 80'. 

c e r n i n g  t h e  c o n c a v i t y  of t he  c u r v e s  and t h e  p o s i t i o n  of t h e  

s e a r c h e d  p o i n t ,  one may approximate t h e  exact v a l u e  by suc- 

c e s s i v e  t r i a l s  u n t i l  t h e  d e s i r e d  a c c u r a c y  i s  o b t a i n e d .  The 

method is i l l u s t r a t e d  f o r  t h e  c a s e  of b q u a t i o n  (134)  i n  Tab le  

10 and F i g u r e  21.  

t h e  q u a d r a t i c  f a c t o r  was foulid w i t h i n  6 s i g n i f i c a n t  d i g i t s  

and t h e  q u a r t i c  of Lquat ion  (134)  f a c t o r i z e d  as 

Using t h e  p r o p e r t i e s  con- 

By s u c c e s s i v e  r e p e t i t i o n  of t h i s  method, 

( Z 2 +  2.027862 + 21 .8497)  (2' - 4.027862 + 13,3182) = O  (135)  

Example 1 0 :  

Consider t h e  q u a r t i c  

A few i t e r a t i o i l s  a re  s u f f i c i e a t  t o  r e a l i z e  t h a t  t h e  

method d i v e r g e s ,  a i d  t h a t  t h e  c o n s i d e r e d  c a s e  i s  t h a t  o f  two 
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o p p o s i t e  A ' s ,  t h a t  t h e  nega t ive  is  g r e a t e r  t h a n  one i n  ab- 

s o l u t e  va lue  and t h e  p o s i t i v e  sma3ler t h a n  one. 

It i s  however necessa ry  t o  have as much as n ine  o r  t e n  

i t e r a t i o n s  i n  o r d e r  t o  g e t  an idea  of t h e  a sympto t i c  d i r e c t i o t i  

of t h e  cu rve  on which t h e  p o i n t s  of t h e  i t e r a t i o n  l i e .  (It 

is  t o  be remembered t h a t  t h e  cu rve  does 'lot c r o s s  i t s  asymptote  

w h i c h  passes t h rough  t h e  searched  v a l u e . )  

Applying t h i s  same procedure a few more t imes t h e  coef- 

ficients of t h e  s e a r c h e d  q u a d r a t i c  f a c t o r  c a n  be de termined  

w i t h  any d e s i r e d  accu racy .  It i s  t o  be remembered t h a t  once 

t h e  a sympto t i c  d i r e c t i o n  has been  de termined ,  as h a s  been i n  

t h e  c a s e  of t h e  q u a r t i c  of Equat ion  (136)  i t  is not  n e c e s s a r y  

t o  use as many i t e r a t i o n s  in order  t o  i n c r e a s e  t h e  accuracy. 

The procedure  h a s  been i l l u s t r a t e d  in Table 11 and 

F i g u r e  22  and t h e  q u a d r a t i c  f a c t o r  o b t a i n e d  w i t h  six sigcii- 

ficarit d i g i t s  w h i c h  y i e l d s  f o r  t h e  q u a r t i c  of Equa t ion  (136) 

( z 2  - 0.801989~ - 74.1877) (2' + 7.801992 + 16 .4447)  = 0 (137) 

S i m e  i n  e l ig inee r ing  problems such an a c c u r a c y  is u s u a l l y  

n o t  r e q u i r e d ,  i t  would have been s u f f i c i e n t  t o  make on ly  two 

s e t s  of i t e r a t i o n s .  

More examples of d i v e r g i n g  c a s e s  c o u l d  be c o n s i d e r e d ,  b u t  

i t  i s  b e l i e v e d  t h a t  t h e y  w o u l d  no t  b r i n g  anymore i n f o r m a t i o n  

about  t h e  method. 
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SUMMARY, CONCLUSIONS AND RBCOMHENDATIONS 

Convergence of  Oldenburger 's  P i g h t  t a  L e f t  Synthet ic  

D i v i s i o n  f o r  f i n d i n g  q u a d r a t i c  f a c t o r s  of polynomia ls  is 

i i i v e s t i p a t e d .  General  forms f o r  t h e  s u c c e s s i v e  te rms  of t h e  

i t e r a t i o n  are o b t a i n e d ,  and t h e s e  a r e  r e l a t e d  by matrix 

e q u a t i o n s  , convergence cnr!ditinns =re  defcr=fned, w d  iii 

graphica l  i a t e r p r e t a t i o n  g iven  i n  t h e  c a s e  of cubics and 

quartics.  

Comparison is made with t h e  conditions of convergence 

of t h e  same method when linear f a c t o r s  of polynomia ls  a r e  

s o u g h t ,  and t h e  i n f l u e n c e  o f  t h e  s t a b i l i t y  of tho  polynomial  

in t h e  s e n s e  of Routh-Hurwitz is c o n s i d e r e d ,  

The a sympto t i c  convergence of Oldenburger's p r o c e s s  f o r  

q u a d r a t i c  f a c t o r s  i s  s t u d i e d  and t h e  p o s s i b i l i t y  of i n c r e a s i n g  

t h e  speed  of t h e  p r o c e s s  i n v e s t i g a t e d .  

The p o s s i b i l i t y  of ex tending  t h e  use of  t h e  method t o  

i t e r a t i o n s  which i n i t i a l l y  d i v e r g e  i s  also cons ide red .  

Approaching t h e  problem w i t h  a l i n e a r  approximat ion  of 

t h e  i t e r a t i o n  and using theorems on i n f i n i t e  powers of 

m a t r i c e s  proven by Oldenburger i n  an e a r l i e r  work t h e  fol- 

l o w i n g  r e s u l t s  were found: 

1. The e x i s t e n c e  of convergence is shown t o  depend upon 

t h e  magnitude of t h e  c h a r a c t e r i s t i c  r o o t s  of t h e  matrix 
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r e l a t i n g  s u c c e s s i v e  i t e r a t i o n s  . 
2. The s t a b i l i t y  i n  the  s e n s e  of Routh-Hurwitz of t h e  

g i v e n  polynomial  i s  shown not t o  i n t e r v e n e  i n  t h e  convergence 

c o n d i t i o n s .  

3 . S i m i l a r i t y  between t h e  convergence c o n d i t i o a s  ob- 

t a i n e d  when t h e  method is used f o r  f i n d i n g  l i n e a r  o r  q u a d r a t i c  

f a c t o r s  is shown. 

4 .  The d i f f e r e n t  types of convergence  are a n a l y z e d  i n  

Chap te r  2 as a f u n c t i o n  of t h e  C h a r a c t e r i s t i c  Roots  of t h e  

matrix and t h e  n a t u r e  of the r o o t s  of t h e  sough t  q u a d r a t i c  

factor. Graphical i n t e r p r e t a t i o n s  a r e  also g iven .  

5 .  Ways of a c c e l e r a t i n g  t h e  convergence of t h e  method 

are g i v e n  and i l l u s t r a t e d  with examples i n  Chapter  3, 

6. F i n a l l y ,  t h e  cases f o r  which t h e  method does  no t  

converge  are d i s c u s s e d  i n  Chapter 4 where it was shown how 

i n  some cases  by s u c c e s s i v e  approx ima t ions  t he  method can 

s t i l l  be used  t o  f i n d  q u a d r a t i c  f a c t o r s  i n  s p i t e  of i ts 

d i v e r g i n g  n a t u r e .  

The method is t h u s  q u i t e  powerfu l  and  advantageous  t o  

use i n  hand and  s l i d e  r u l e  c a l c u l a t i o n s .  It can be v e r y  

easi3y programmed on a d ig i t a l  computer w i t h  t h e  amount of 

i n s t r u c t i o n s  be ing  r e l a t i v e l y  low, and a d i g i t a l  computer 

hers been  u s e d  by t h e  a u t h o r  i n  p a r t  of t h i s  work. 

The main weakness of t h i s  work is  t h e  assumpt ion  o f  

l i n e a r i z a t i o n  w h i c h  was made i n  o r d e r  t o  s t u d y  the  a s y m p t o t i c a l  

behav iour  of t h e  convergence of t h e  p r o c e s s ,  Although it was 
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shown t h a t  in t h e  g e n e r a l  case t h i s  assumpt ion  r ema ins  v a l i d  

even wheri t h e  e r r o r  v e c t o r  is q u i t e  big,  i t  would be in-  

t e r e s t i n g  t o  c o n s i d e r  w h a t  happens i n  t h e  limit of v a l i d i t y  

of t h e  hypothesis  of l i n e a r i t y ,  4 

I n  t h e  p r e s e n t  work the  matrix relating t w o  successive 

p o i n t s  of t h e  i t e r a t i o n  is always d e f i n e d  as a f u n c t i o n  of 

t h e  f i n a l  values, It might be no r th  t r y i n g  t o  express it  

as a f u n c t i o n  of t h e  v a l u e s  o b t a i n e d  at  two o r  t h r e e  suc- 

c e s s i v e  p o i n t s  of t h e  i t e r a t i o n .  

Another  i n t e r e s t i n g  e x t e n s i o n  i s  suggeerted by t h e  

s imi la r i t i es  between t h e  convergence c o n d i t i o n s  o b t a i n e d  i n  

t h e  c a s e  of t h e  s e a r c h  of l i n e a r  and q u a d r a t i c  f a c t o r s .  It 

might be i n t e r e s t i n g  t o  s t u d y  from a t h e o r e t i c a l  p o i n t  of 

view t h e  convergence t o  f a c t o r s  of o r d e r  h i g h e r  t h a n  two 

(cubics o r  q u a r t i c s  f o r  i n s t a n c e ) .  Examples which c o n s i d e r e d  

t h e  case of t h e  search f o r  a cubic f a c t o r  seemed t o  show t h a t  

t h e  convergence c o n d i t i o n  would be g i v e n  by a r e l a t i o n  hav ing  

a form similar t o  t h o s e  found f o r  l i n e a r  and q u a d r a t i c  fac- 

t o r s  a l t h o u g h  no t h e o r e t i c a l  s t u d y  was made. The p o s s i b i l i t y  

of s e a r c h i n g  f o r  c u b i c s  could be advantageous  f o r  s t u d y i n g  

higher  o r d e r  po lynomia ls  i n  w h i c h  t h ree  r o o t s  are approxi -  

ma te ly  e q u a l .  It c o u l d  also be used  t o  break a sec t i c  i n t o  

two c u b i c s .  However t h i s  method would be l i n i t e d  t o  e q u a t i o n s  

hav ing  a t  least  one r e a l  r o o t  w h i c h  c a n  be de termined  i n  a 

d i f f e r e n t  manner; fu r the rmore  a g r a p h i c a l  i n t e r p r e t a t i o n  

would not be h e l p f u l  anymore f o r  speed ing  up t h e  r e s u l t s  and 
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such a n  e x t e n s i o n  may prove t o  be on ly  of a n  academic va lue  

w i t h o u t  any d i r e c t  a p p l i c a t i o n  t o  everyday eng inee r ing  use . 
It might  be a l s o  worth spending  more time on t h e  d i g i t a l  

computer a p p l i c a t i o n s  of t h e  method. When t h e  method was 

programmed i n  t h e  course  of t h i s  work, no p r o v i s i o n  was made 

t o  l e t  t h e  computer recognize by i t s e l f  a s lowly  converg ing  

o r  a d i v e r g i n g  case and a u t o m a t i c a l l y  make t h e  n e c e s s a r y  

l o g i c a l  d e c i s i o n s  i n  o r d e r  t o  speed up t h e  solution. A 

p a r t i c u l a r  s t u d y  of t h i s  aspect of t h e  problem c o u l d  y i e l d  

very p r o f i t a b l e  r e s u l t s .  
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APPBNDIX A 

Determination of bk, bko, ul, as 

Functions of d , and the  Polynomial C o e f f i c i e n t s  



APPENDIX A 

Determination of bk, bkc, d l ,  p 1  as 

Furictioils of d ,  (3 and the Polgiiomial Coefficients 

In Equation (7)  i t  was found t h a t  the  f o l l o w i n g  r e l a t i o n  

h e l d  between bk, bk-l and bk,* 

k =  0 ,  l , . . . ,  n 

bOl and b-* both zero 

T h i s  r e l a t i o n  can be used t o  express  bk a s  a f u n c t i o n  

Of bk,*’ bk-2’ i . e .  

b k =  ak - - r( - -  ‘ b  bk-l C k-2 

which y i e l d s  for the  indiv idual  terms 

bo = a. 

bl = al - - 
b2 = a2 - - 

4 

P bo 
d 

b g -  - a3 - e d b2 - - bl 

b k =  ak - -F 

e - - - - - - - - - _ _  
.L bk- 2 

bn- 2 

P 

b k - l  - 7 
d - -  - -  - 

bn- a.1 p b + i  

(140)  



Replacing s u c c e s s i v e l y  i n  each equat ion t h e  bk terms 

by t h e i r  express ions  i n  ak, there  r e s u l t s  

1 t -  
P 1  

bo = a, 

a. 

4 bl = al - - bo e 

- 
b3 - - 

a a  I a. al 2 9 
d - c 
1 

0 

1 
P 
-?- 
1 

where t h e  missing terns represeut  zeros .  

S i m i l a r l y  i t  i s  found t h a t  



1 
a 
4 - 
P 
1 

. 

2 1 

P 
d - 
P 
1 

e 

a 
3 

1 - r 
c 
d - 
1 

So far t h e  bkws have been formed of determinants of 

(k + 1) rows and columns, where 

- The first row contains  t h e  a, t o  ak terns 
- The ?n,ai_n_ rtiagnrl,al, r( t e r m s  

e 1 - The diagonal on t h e  r i g h t  of i t  of - terms 

- The one on the  l e f t  o f  i t  of  1 ' s  

- The sign i n  f r o n t  of aach determinant corresponds t o  

P 

( - I lk  
Assume t h a t  t h i s  form checks up to t h e  k-2 and k-1 

order,  that is, 

. . . . . * . e . . . . .  

and 



1 

. 

1 a 

d 

-ir 
1 

. 

. 
Define as r k  the  determinant 

.... a2 ! a0 ak-t ak 

. . ............ * I  . . . I 

. . . 1 

along its l a s t  row r k  
Lxpanding 

............ . 

. 1 i ; f  
d . . 1 - c 
a ak-2 k a ..*. 

1 
1 - 1 - d . r e . 

............ . 
d . . I - 0  

1 . . 1 -  
r 

r 

(150) 

(152)  
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k a 

0 0 

U p a n d i n g  t h e  second determinant of Equation (152 )  

: I  

d 1 - 
P 

8 

. d 1 - 
P 

0 1 

1 * * . .  - * : * *  a:-21 1 a 

d I:" 

ak- 1 
0 

1 

r 

k- 3 .... a 1 a 

d 1 
'ir p 
\ 

. 
I + -  

* 1 

It can be seen that  rk s a t i s f i e s  Equation (7), there- 

fore 

arid the general form assumed f o r  t h e  bkls will be v a l i d .  
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Coeff ic ients  of the Hew Trial. Factor 

It has been found i n  iiquations ( 8 )  and ( 9 )  t h a t  

c 1 - - b*-2 

o 1  is obtained at once from aquat ion (151)  i n  which 

k = n-2 is cons idered.  

This yields there fore :  

an-n an-2 al .... aO 

. . 
. b . . . . . . . . . b .  . 
. . 

d 
e 0 . - c 1 

Considering the case k = n-3, there  follows 

n- 3 = ( - 1 )  bn-3 
1 

b 
d - 
C T i  

c 
1 

. d 1 - 

( 1 5 9 )  

Dividing by and changing sign Equation (160) becomes r 
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n- 2 = (-1) bn- 3 
e - 

1 

. 

. 

.... a 1 n-3 a 
1 - d - c c . 

............ 

. .( - 
0 

1 

. 1 

Therefore, t h e r e  f o l l o w s  

- 
d l  - 

1 - a - . c c  ............ 
. d - c 1 

. . 1 

0 

' 

0 
1 
7 '  

a n- 1 

. 
0 
1 - r 

(163) 

-2 Terms of t h e  fixact Quotient bk 

These terms are  obtained by r e p l a c i n g  i n  the  express ions  
A 1 

R by and - r e s p e c t i v e l y ,  t h i s  
d 1 f o r  bk the q u a n t i t i e s  - 

y i e  Ids 
c 

a 

A 
B 
1 

I. 

. 

.... k-1 ak I a 
2 

a 

1 - 
B 

............ . 
A 1  - Y. - 
B R  

. 
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